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KAWAMATA LOG TERMINAL SINGULARITIES OF FULL RANK
JOAQUI´N MORAGA
Abstract. We study Kawamata log terminal singularities of full rank, i.e., n-dimensional klt singularities
containing a large finite abelian group of rank n in its regional fundamental group. The main result of this
article is that klt singularities of full rank degenerate to cones over log crepant equivalent toric quotient
varieties. To establish the main theorem, we reduce the proof to the study of Fano type varieties with large
finite automorphisms of full rank. We prove that such Fano type varieties are log crepant equivalent toric.
Furthermore, any such Fano variety of dimension n contains an open affine subset isomorphic to Gn
m
. As a
first application, we study complements on klt singularities of full rank. As a second application, we study
dual complexes of log Calabi-Yau structures on Fano type varieties with large fundamental group of their
smooth locus.
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1. Introduction
The study of the singularities of the minimal model program is a cornerstone to prove new results about
projective varieties. Many of the important conjectures of the minimal model program can be reduced to
conjectures about Kawamata log terminal singularities. Henceforth, a better understanding of klt singulari-
ties is a central topic on birational geometry. On the other hand, via global-to-local methods, we can deduce
theorems about these singularities, by reducing it to the study of Fano type varieties. Recently, the bound-
edness of Fano varieties and the theory of complements [Bir16a,Bir16b] had lead to new results about klt
singularities. First, we have the existence of bounded log canonical complements on klt singularities [Bir16a].
Secondly, we have the boundedness up to degeneration of exceptional klt singularities [Mor18b,HLM19] and
the ascending chain condition for minimal log discrepancies of exceptional singularities [Mor18a, HLS19].
Finally, we have the Jordan property for the regional fundamental group of n-dimensional klt singulari-
ties [BFMS20]. This result relies on work by Prokhorov and Shramov on the Jordan property for Cremona
groups [PS14, PS16]. The Jordan property asserts that the local fundamental group of n-dimensional klt
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singularities are almost abelian of rank n. In many cases, for instance, surface singularities and toric singu-
larities, much of the local geometry of the singularity can be deduced from its local fundamental group.
However, in general, not much can be said unless the fundamental group of the klt singularity is large
enough. Then, it is natural to ask whether the existence of a large abelian group on the local fundamental
group will reflect on the geometry of the singularity. The first step in this direction was given in [Mor20],
where this question was settled in dimension three, through the study of large finite automorphisms on Fano
type surfaces. The author introduces the class of log crepant equivalent toric quotient singularities (abbrevi-
ated lce-tq), which is a natural class of singularities including toric singularities, quotient singularities, and
certain crepant equivalent models of those. These singularities are cones over log crepant equivalent toric
quotient projective varieties (see Definition 1). [Mor20, Theorem 5.1] asserts that a klt 3-fold singularity
x ∈ (X,∆) which satisfies Z3N 6 π
loc
1 (X,∆;x) for N large enough (compared with the dimension) will admit
a degeneration to a lce-tq singularity. Log crepant equivalent toric quotient singularities are a prototype of
singularities with large local fundamental groups.
In this article, we study Kawamata log terminal singularities of full rank, i.e., n-dimensional klt singular-
ities containing a large finite abelian group of rank n in its regional fundamental group. Our main theorem
is a characterization of these singularities. We generalize [Mor20, Theorem 5.1] to arbitrary dimension.
We prove that Kawamata log terminal singularities of full rank degenerate to log crepant equivalent toric
quotient singularities.
Theorem 1. Let n be a positive integer. There exists a constant N = N(n), only depending on n, satisfying
the following. Let x ∈ (X,∆) be a n-dimensional klt singularity such that Znk 6 π
reg
1 (X,∆;x) for some
k ≥ N . Assume that ∆ has standard coefficients. Then, x ∈ (X,∆) degenerate to a log crepant equivalent
toric quotient singularity.
The above theorem says that among all n-dimensional klt singularities, the ones that have the largest
local fundamental groups, belong to the versal deformation space of log crepant equivalent toric quotient
singularities of dimension n. Recall that klt surface singularities are quotient singularities (see, e.g. [Tsu83]).
Hence, the above theorem is vacuous in dimension two. It is only non-trivial starting in dimension three.
In Example 7.1, we give an example of a log crepant equivalent toric quotient singularity which is not the
quotient of a toric singularity. All the results stated in the introduction still hold for subgroups that are
not of the form Znk . However, to state the theorems properly, we need the concept of large n-generation of
finite groups (see subsection 3.8). In Theorem 6.3, we give a more general version of Theorem 1 admitting
more general coefficients. The above theorem can be reduced to the study of large finite abelian groups of
rank n in Fano type varieties. Theorem 1 will be deduced from Theorem 2 below. This is an application
of purely log terminal blow-ups to reduced problems about klt singularities to problems about Fano type
varieties (see, e.g., [Pro00,Xu14]).
Remark 1. We expect similar results when the regional fundamental group of a klt singularity is large
but possibly it does not have full rank. To tackle that direction, it seems necessary to improve the main
result of [BMSZ18] to the relative setting. For 3-fold singularities, the cases of rank two and rank three
fundamental groups are already considered in [Mor20]. In low dimensions, a relative version of [BMSZ18] is
already proved in [Sho00]. When we consider klt singularities with cyclic regional fundamental groups, the
techniques of these articles seem not to apply to deduce geometry of the singularity.
1.1. Fano type varieties with full rank automorphisms. In this subsection, we introduce the results
regarding Fano type varieties with large full rank automorphism groups. We start by stating the main
projective theorem of this article.
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Theorem 2. Let n be a positive integer. There exists a positive integer N := N(n), only depending on n,
satisfying the following. Let X be a Fano type variety of dimension n. Let A ≃ Znk 6 Aut(X) be a finite
subgroup with k ≥ N . Then, there exists:
(1) a boundary B on X, and
(2) an A-equivariant birational map X 99K X ′,
satisfying the following conditions:
(1) The pair (X,B) is log canonical, A-equivariant, and KX +B ∼ 0,
(2) the push-forward of KX +B to X
′ is a log pair (X ′, B′),
(3) the pair (X ′, B′) is a log Calabi-Yau toric pair, and
(4) there are group monomorphisms A < Gnm 6 Aut(X,B).
In particular, B′ is the reduced toric boundary of X ′. Furthermore, the birational map X ′ 99K X is an
isomorphism over the torus Gnm.
The main ingredients of the proof of Theorem 2 are: the existence of G-equivariant M -complements on
Fano type varieties [Bir16a,Mor20], the boundedness of Fano varieties with bounded singularities [Bir16b],
some basic tools from the theory of reductive groups [Bor91], and the characterization of projective toric
varieties using complexity [BMSZ18]. In Theorem 6.1, we give a more general version that deals with pairs.
In Theorem 6.2, we give a version that deals with non-abelian groups. We introduce some notation to state
a version of Theorem 2 which may be more natural to the reader.
Definition 1. We say that a log canonical pair (X,B) is crepant equivalent toric if (X,B) is crepant
equivalent to a projective toric pair. In particular, a n-dimensional crepant equivalent log toric pair (X,B)
is crepant equivalent to (Pn, H1 + · · · + Hn+1) (see Lemma 3.22). We say that a projective variety X is
log crepant equivalent toric if (X,B) is crepant equivalent toric for some boundary B on X . We say that
a projective variety X is log crepant equivalent toric quotient if it is the finite quotient of a log crepant
equivalent toric variety. A klt singularity is called log crepant equivalent toric quotient singularity if it is the
cone over a log crepant equivalent toric quotient projective variety. We may write lce-tq to abbreviate log
crepant equivalent toric quotient.
Corollary 1. A Fano type variety of dimension n with a large abelian automorphism group of rank n is
crepant equivalent log toric.
Here, large means that A ≃ Znk , where k is larger than a universal constant which only depends on n, as
in the statement of Theorem 2. Some interesting aspect of the main theorem is that it implies the existence
of an open set of X isomorphic to an algebraic torus. Hence, the projective variety X is a possibly non-toric
Fano type compactification of the algebraic torus so that the action of a large discrete subgroup of the torus
extends to the whole variety. On this open subset A acts as the multiplication by roots of unity. Furthermore,
there is a 1-complement of the Fano type variety which is supported on the complement of the algebraic
torus. We make this precise in the next corollary.
Corollary 2. Let n be a positive integer. There exists a positive integer N := N(n), only depending on n,
satisfying the following. Let X be a Fano type variety of dimension n and A ≃ Znk 6 Aut(X) be a finite
subgroup with k ≥ N . Then, there exists:
(1) An open subset U ⊂ X which is A a invariant, and
(2) a reduced boundary B ⊂ X \ U ,
satisfying the following:
(1) (X,B) is log canonical, A-equivariant, and KX +B ∼ 0,
(2) U is isomorphic to Gnm, and
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(3) A acts on U by multiplication of roots of unity under the above isomorphism.
In general, the boundary B can be strictly supported on the complement of the torus on X . The above
results imply that large discrete algebraic dynamics on a Fano type variety become continuous on an affine
open subset.
1.2. Log smooth locus of Fano type varieties. In this subsection, we state results regarding Fano type
variety with πalg1 (X
sm) being a large group. Here, Xsm is the smooth locus of the variety X . Toric projective
varieties can be examples of such Fano type varieties. The first result, says that such Fano type varieties are
log crepant equivalent toric quotients in the sense of Definition 1.
Theorem 3. Let n be a positive integer. There exists a constant N := N(n), only depending on n, satisfying
the following. Let X be a Fano type variety of dimension n so that Znk 6 π
alg
1 (X
sm) with k ≥ N . Then X is
a log crepant equivalent toric quotient projective variety.
The second result in this direction is that we can find a boundary B on these varieties so that (X,B)
is log canonical, KX + B ∼Q 0, and the dual complex D(X,B) is PL-homeomorphic to the quotient of a
sphere.
Theorem 4. Let n be a positive integer. There exists a positive integer N := N(n), only depending on n,
satisfying the following. Let X be a Fano type variety of dimension n so that Znk 6 π
alg
1 (X
sm) with k ≥ N .
Then, there exists a boundary B on X so that D(X,B) ≃PL S
n−1/G where G is a finite group with |G| ≤ N .
Observe that our result coincides with the expectation in [KX16, Question 4]. However, we do not claim
that this holds for every boundary on X . On the other hand, in our result, we can also control the order of
the group. As usual, the two above results can be stated for more general groups and boundaries. This is
done in Section 7.
1.3. Complements on klt singularities of full rank. Our last result concerns bounded covers of klt
singularities of full rank. We prove that, given a klt singularity of full rank, we can find a finite Galois cover
with degree bounded by a constant on the dimension so that such cover admits a 1-complement.
Theorem 5. Let n and m be positive integers. There exists a positive integer N := N(n,m), only depending
on n and m, satisfying the following. Let x ∈ (X,∆) be a n-dimensional klt singularity such that Znk 6
πreg1 (X,∆;x) for some k ≥ N . Assume that m∆ is a Weil divisor. Then, there exists a finite Galois cover
π : X ′ → X of index at most N , so that the log pull-back KX′ +∆X′ = π
∗(KX +∆) admits a 1-complement.
Note that the above is a classic and important property of quotient singularities. Let X = AnK/G be a
quotient singularity where G < GLn(K) is a finite group acting without ramification in codimension one.
Let x ∈ X be the image of the origin. By the classic Jordan property [Jor73], we can find a normal abelian
subgroup A 6 G < GLn(K) of index N(n) on G. Since A is an abelian group acting on A
n
K, we can find
a diagonalization of this action. Hence, the quotient T = AnK/A is a Q-factorial toric singularity. The
toric singularity t ∈ T admits a quotient T → X whose degree is bounded by N(n), i.e., quotienting by
the non-abelian part of G. Then, we conclude that X admits a bounded Galois cover T which admits a
1-complement; the toric complement. In general, it is not true that x ∈ X admits a 1-complement. Recall
that, we know that x ∈ X admits a complement which only depends on the dimension (see, e.g., [Bir16a]).
Acknowledgements. The author would like to thanks Stefano Filipazzi, Ja´nos Kolla´r, Constantin Shramov,
and Burt Totaro for many useful comments.
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2. Sketch of the Proof
In this section, we give a brief sketch of the proof of our main projective theorem. The proof aims to find
a boundary B on X and an equivariant birational map X 99K X∗ so that the induced log pair (X∗, B∗) has
low complexity. Then, we will use the techniques of subsection 3.4 to deduce that (X∗, B∗) is a toric pair.
The fact that X 99K X∗ is an isomorphism over the torus will be a consequence of the construction of such
birational map. We proceed to sketch how to find such boundary B and such birational map.
We start with a Fano type variety X with a finite group action A which has large n-generation. We assume
that A is abelian. Essentially, A will contain ZnN with N large, provided that gn(A) is large enough (see
subsection 3.8). Throughout the sketch, we may assume A ≃ ZnN . Then, using the theory of G-equivariant
complements (see subsection 3.10), we may find a boundary B on X which is A-invariant. We can find
B ≥ 0 so that (X,B) has log canonical singularities and M(KX + B) ∼ 0. Here, M only depends on the
dimension of X . The underlying idea is that if we fix M(KX+B) ∼ 0 and let A ≃ Z
n
N be large enough, then
the boundary B must be reduced. So the complexity of (X,B) will be small if we can control the Picard
rank of X . However, at this point, we can’t control the Picard rank of X . To solve this issue, we must run
a minimal model program to solve this issue.
We sight to prove the statement either by reducing to a bounded family or inductively. We replace X by
an A-equivariant canonicalization. This previous step is done using the techniques of the equivariant minimal
model program (see subsection 3.9). We run an A-equivariant minimal model program for KX which we are
assuming to have canonical singularities. If it terminates with an A-equivariant Mori fiber space to a point
X ′ → Spec(K), then we will deduce that such varieties belong to a bounded family. Indeed, we will have
that −KX′ is ample and X
′ has canonical singularities. In this case, replacing A with a bounded subgroup
(which only depends on this bounded family), we may assume that A lies in the connected component
Aut(X ′, B′)0 of Aut(X ′, B′). Thus, we may use techniques from connected linear algebraic groups to deduce
that A must lie in a maximal torus of Aut(X ′, B′)0. Hence, such torus must have the same dimension as
X ′. We conclude that X ′ has a torus action and the induced boundary B′ is toric (see § 4). Then, using the
techniques developed in section 3.3, we will prove that indeed A < Gnm 6 Aut(X
′, B′).
Then, we reduce to the case in which have an A-equivariant Mori fiber space X ′ → C. We will have an
exact sequence 1→ AF → A→ AC → 1 where AF acts fiber-wise and AC acts on the base. We let f be the
dimension of F and c be the dimension of C. Then, we prove that AF (resp. AC) contains Z
f
N (resp. Z
c
N ),
for some N large enough. Hence, we can apply the inductive hypothesis to a general fiber and the base.
By the inductive hypothesis, we may find a AC -equivariant birational map P
c 99K C. By considering an
A-equivariant log resolution of (X ′, B′) and running a suitable A-equivariant minimal model program over
Pc, we will end up with A-equivariant fibration X∗ → Pc. In this part of the proof, we will need to control
the divisors contracted by the minimal model program to argue that X∗ is still of Fano type. Hence, we will
use the theory of degenerate divisors (see § 5). We may re-compactify the complement of the pre-image of
Gcm on X
∗ in such a way that X∗ has A-invariant Picard rank two. Moreover, we prove that the morphism
X∗ → Pc is an A-equivariant Mori fiber space. We aim to prove that X∗ is indeed a toric variety and the
induced boundary B∗ is log toric.
We would like to control the Picard rank of X∗. However, we can only control its A-invariant Picard
rank. So the next step will be quotienting by A to obtain a Mori fiber space Y → TY , where TY is a toric
quotient of Pc. In particular, TY has Picard rank one and Y has Picard rank two. The problem with the
model Y is that even if we control the general log fiber, which is log toric, we don’t control the number of
horizontal components of the induced boundary BY . So, the next step is to take a sequence of Galois covers
terminating on a contraction Z → TZ so that the horizontal divisors of BZ are unramified over the base.
We control the degree of the cover Z → Y by controlling the Picard rank of the general fiber of Y → TY .
We will construct Z in such a way that TZ is toric of Picard rank one. However, since we took a Galois
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cover, we may lose control of the Picard rank of Z. Hence, we will run a further minimal model program
from a log resolution of Z over TZ which terminates in a Mori fiber space Z
′ → TZ . In particular, Z
′ will
have both; Picard rank two and enough components on the induced boundary ⌊BZ′⌋. Then, we can use the
complexity to deduce that (Z ′, BZ′) is toric. Then, we argue that Z → Z
′ only extract log canonical places
of (Z ′, BZ′) so (Z,BZ) is toric as well.
Then, we defineW to be the normalization of a connected component of Z×Y X
∗ and prove that is a toric
cover of Z. Thus, we have finite Galois morphism W → X from a projective toric variety W . Furthermore,
we control the degree of W → X by controlling the Picard rank of the general fiber of X∗ → Pc. Finally,
we will argue that X∗ is the quotient of W by a finite group H , with order On(1), which is normalized by
a large discrete subgroup of the torus of W . If such a discrete group is large enough, then H must be a
subgroup of the torus as well (see subsection 3.3). We conclude that X∗ is the quotient of a projective toric
variety by a finite subgroup of the torus, hence X∗ is itself toric.
3. Preliminaries
In this section, we recall the preliminaries that will be used in this article: the singularities of the minimal
model program, Fano type varieties, G-invariant complements, and toric geometry. Throughout this article,
we work over an algebraically closed field K of characteristic zero. We denote by Gkm the k-dimensional
K-torus. Galois morphisms are required to be finite and surjective. However, we do not assume that Galois
morphisms are e´tale. The rank of a finite group refers to the minimal number of generators. We say that
a quantity is On(1) if it is bounded by Cn, where Cn is a quantity depending only on n. We will use some
standard results on the minimal model program [KM98,BCHM10] and toric geometry [Ful93,CLS11,Cox95].
3.1. Kawamata log terminal singularities. In this subsection, we recall definitions regarding the singu-
larities of the minimal model program.
Definition 3.1. A contraction is a morphism f : Y → X so that f∗OY = OX . A fibration is a contraction
with positive dimensional general fiber.
Definition 3.2. A log pair or a pair is a couple (X,∆) where X is a normal algebraic variety and ∆ is an
effective Q-divisor on X so that KX +∆ is a Q-Cartier Q-divisor.
Definition 3.3. Let X be a projective variety. A prime divisor over X is a prime divisor which is contained
in a variety which admits a projective birational morphism to X . This means that there is a projective
birational morphism π : Y → X so that E ⊂ Y is a prime divisor.
Let (X,∆) be a log pair and E be a prime divisor over X . We define the log discrepancy of (X,∆) at E
to be
aE(X,∆) := coeffE(KY − π
∗(KX +∆))
where as usual we pick KY so that π∗KY = KX . A log resolution of a log pair (X,∆) is a projective
birational morphism π : Y → X , with purely divisorial exceptional locus, so that Y is a smooth variety and
π−1∗ ∆+Ex(π)red is a divisor with simple normal crossing. By Hironaka’s resolution of singularities, we know
that any log pair admits a log resolution.
The log discrepancies of a log pair allow us to measure the singularities of the pair.
Definition 3.4. A pair (X,∆) is said to be Kawamata log terminal (or klt for short) if all its log discrepancies
are positive, i.e., aE(X,∆) > 0 for every prime divisor E over X . It is known that a pair (X,∆) is klt if and
only if all the log discrepancies corresponding to prime divisors on a log resolution of (X,∆) are positive.
A pair (X,∆) is said to be log canonical (or lc for short) if all its log discrepancies are non-negative, i.e.,
aE(X,∆) ≥ 0 for every prime divisor E over X . As in the case of klt singularities, a pair (X,∆) is log
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canonical if and only if all the log discrepancies corresponding to prime divisors on a log resolution of (X,∆)
are non-negative (see, e.g., [KM98]).
A pair (X,∆) is said to be ǫ-log canonical (resp. ǫ-klt) if aE(X,∆) ≥ ǫ (resp. aE(X,∆) > ǫ) for every
prime divisor E over X .
Definition 3.5. Let (X,∆) be a log pair. A log canonical place (resp. non-klt place) of (X,∆) is a prime
divisor E over X so that aE(X,∆) = 0 (resp. aE(X,∆) ≤ 0). A log canonical center of (X,∆) (resp.non-klt
center) is the image on X of a log canonical place of (X,∆) (resp. of a non-klt place of (X,∆)).
Definition 3.6. A pair (X,∆) is said to be divisorially log terminal, or dlt for short, if there exists an open
set U ⊂ X satisfying the following:
(1) U is smooth and ∆|U has simple normal crossing, and
(2) the coefficients of ∆ are less or equal than one,
(3) all the non-klt centers of (X,∆) intersect U and are given by strata of ⌊∆⌋.
A pair (X,∆) is said to be purely log terminal, or plt for short, if it is dlt and it has at most one log canonical
center. In particular, plt singularities are dlt, and klt singularities are both plt and dlt
Definition 3.7. Let (X,∆) be a klt singularity and x ∈ X be a closed point. A purely log terminal blow-
up of (X,∆) at x (or plt blow-up for short) is a projective birational morphism π : Y → X satisfying the
following:
(1) π is an isomorphism over X \ {x} and the pre-image of x ∈ X is a prime divisor E ⊂ Y ,
(2) the pair (Y,∆Y + E) is plt, where ∆Y is the strict transform of ∆, and
(3) −E is ample over X .
The existence of plt blow-ups for klt singularities is known (see, e.g., [Pro00,Xu14]).
Definition 3.8. Let (X,∆) be a log pair. We define Aut(X,∆) to be the subgroup of Aut(X) given by
automorphisms g ∈ Aut(X) so that g∗∆ = ∆. In particular, every such g must map prime divisors of ∆ to
prime divisors of ∆ with the same coefficients. If (X,∆) is a klt (resp. lc) pair and G 6 Aut(X,B), then
the quotient (Y,∆Y ) of (X,∆) by G is again klt (resp. lc). See, for instance [Sho92, §2]. In the above case,
we say that (X,∆) is a G-invariant klt singularity.
Definition 3.9. Let (X,∆) be a G-invariant klt pair and x ∈ X be a closed point which is fixed with respect
to the G-action. A G-invariant plt blow-up of (X,∆) at x is a G-invariant projective birational morphism
π : Y → X satisfying the following:
(1) π is an isomorphism over X \ {x} and the pre-image of x ∈ X is a prime divisor E ⊂ Y ,
(2) the pair (Y,∆Y + E) is G-plt, where ∆Y is the strict transform of ∆, and
(3) −E is ample over X.
To conclude this subsection, we prove the existence of G-invariant plt blow-ups for G-invariant klt singu-
larities.
Lemma 3.10. Let (X,∆) be a G-invariant klt pair and x ∈ X be a closed G-fixed point. Then, there exists
a G-invariant plt blow-up for (X,∆) at x.
Proof. The quotient (X ′,∆′) of (X,∆) with respect to G is again a klt pair. Let x′ ∈ X ′ be the image of x on
X ′. Let π : Y ′ → X ′ be a plt blow-up of (X ′,∆′) at x′. Let Y be the normalization of the main component
of Y ′ ×X′ X . We have a projective birational morphism Y → X . We denote by KY + ∆Y + EY the log
pull-back of KY ′ +∆Y ′ + EY ′ . Note that KY +∆Y + EY is ample over the base. Hence, we conclude that
−EY is ample overX . The morphism Y → X is an isomorphism overX\{x} by construction. We claim that
(Y,∆Y + EY ) is plt. The pair (Y,∆Y + EY ) is G-invariant log canonical by construction, where ∆Y is the
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strict transform of ∆ on Y . Since −(KY +∆Y +EY ) is ample over the base, the connectedness principle says
that the non-klt locus of such pair is connected over the base. On the other hand, all log canonical centers
of (Y,∆Y +EY ) are divisorial, since all log canonical centers of (Y
′,∆Y ′ +EY ′) are divisorial. We conclude
that all the log canonical centers of (Y,∆Y +EY ) must be contained in ⌊EY ⌋ and this set is connected over
the base. Thus, if EY has more than one component, then (Y,∆Y +EY ) has at least one lcc of codimension
at least two. Leading to a contradiction. We conclude that EY = ⌊EY ⌋ is prime and G-invariant. Hence,
(Y,∆Y + EY ) is a G-equivaraint plt pair. Thus, π : Y → X is a G-equivariant plt blow-up. This concludes
the proof. 
3.2. Fano type varieties. In this subsection, we recall the definition of Fano type varieties and the bound-
edness results about these varieties.
Definition 3.11. Let X be a projective variety. We say that X is a Fano type variety, if there exists a
boundary ∆ on X so that (X,∆) has klt singularities and −(KX +∆) is a big and nef divisor. We say that
X is a Fano variety if X has klt singularities and −KX is an ample Q-Cartier divisor.
It is well-known that Fano type varieties are Mori dream spaces [BCHM10, Corollary 1.3.2]. In particular,
for any Q-divisor D on X we may run a minimal model program which either terminates with a Mori fiber
space or a good minimal model [HK00, Proposition 1.11].
The following proposition is well-known, we will use it often in this article.
Proposition 3.12. A projective variety X is of Fano type if and only if there exists a boundary ∆ on X so
that KX +∆ ∼Q 0, (X,∆) has klt singularities, and ∆ is a big divisor on X.
The following theorem, due to Birkar, is known as the boundedness of Fano type varieties.
Theorem 3.13 (cf. [Bir16b, Theorem 1.1]). Let n be a positive integer and let ǫ be a positive real number.
Then, the projective varieties X such that
(1) (X,∆) is ǫ-lc and n-dimensional for some boundary ∆, and
(2) −(KX +∆) is big and nef,
form a bounded family.
The above theorem is often written in the following equivalent form.
Theorem 3.14. Let n be a positive integer and let ǫ be a positive real number. The set of n-dimensional
projective varieties X so that there exists a boundary ∆ on X satisfying:
(1) KX +∆ ∼Q 0,
(2) (X,∆) has ǫ-log canonical singularities, and
(3) ∆ is a big divisor on X,
form a bounded family.
The following is a log version of the above theorem. For a proof see [FM18, Theorem 2.9].
Theorem 3.15. Let n be a positive integer, ǫ be a positive real number, and R be a finite set of rational
numbers. The set set of n-dimensional projective pairs (X,∆) so that
(1) (X,∆) is ǫ-log canonical,
(2) KX +∆ ∼Q 0,
(3) ∆ is a big divisor on X, and
(4) the coefficients of ∆ are in R,
form a log bounded family.
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The following proposition is well known, it allows us to extract non-canonical centers from a Fano type
variety and stays in the same class of varieties.
Proposition 3.16. Let X be a Fano type variety. Let B be an effective divisor on X so that (X,B) has
log canonical singularities and KX + B ∼Q 0. Let Y 99K X be a birational map which only extract prime
divisors with log discrepancy in the interval [0, 1) with respect to (X,B). Then, the variety Y is Fano type.
Proof. Let ∆ be a boundary on X so that (X,∆) is klt and −(KX + ∆) is big and nef. Define Bǫ :=
(1 − ǫ)B + ǫ∆. Observe that for ǫ ∈ (0, 1) we have that Bǫ is big, (X,Bǫ) is klt, and −(KX + Bǫ) is big
and nef. Furthermore, for ǫ > 0 small enough, all the prime divisors extracted on Y have log discrepancy
in the interval (0, 1) with respect to (X,B). By [Mor19, Theorem 1], we can find a birational projective
morphism Z → X which extract exactly those divisorial valuations. For now on, we fix such ǫ small enough.
Let (Z,BZ,ǫ) be the log pull-back of (Y,BY,ǫ) to Z. Note that (Z,BZ,ǫ) is a klt pair with −(KZ +BZ,ǫ) big
and nef. Hence, Z is a Fano type variety. Furthermore, we have a small morphism Z 99K Y . We can pick
ΓZ a big boundary on Z so that (Z,ΓZ) is klt and KZ + ΓZ ∼Q 0. Let ΓY be the push-forward of ΓZ to
Y . We have that ΓY is big on Y so that (Y,ΓY ) is klt and KY + ΓY ∼Q 0. We conclude that Y is of Fano
type. 
We conclude this subsection by proving two lemmas regarding quotients and covers of Fano type varieties.
We prove that the quotient of a Fano type variety is again of Fano type. On the other hand, the cover of a
Fano type variety is of Fano type provided that the branching locus of the morphism lies in the set of log
canonical centers of certain Q-complement.
Lemma 3.17. Let X be a Fano type variety and X → Y be a Galois cover. Then Y is a Fano type variety.
Proof. Assume that π : X → Y is the quotient by the finite group G acting on X . Let ∆ be a big boundary
on X so that (X,∆) is klt and KX +∆ ∼Q 0. Then, the big boundary ∆
G =
∑
g∈G g
∗∆/|G| satisfies that
KX + ∆
G ∼Q 0 and (X,∆
G) is klt. Furthermore, there exists a boundary ∆Y on Y so that KX + ∆
G =
π∗(KY +∆Y ). Thus, (Y,∆Y ) is a klt pair. By Riemann-Hurwitz formula we have that π
∗(−KY ) = −KX+E,
where E is an effective divisor. Hence, π∗(−KY ) is a big divisor. Thus, we can write π
∗(−KY ) ∼Q A+ F ,
where A is a G-invariant ample divisor and F is a G-invariant effective divisor. Henceforth, the push-forward
of π∗(−KY ) with respect to π is big as well. Thus, we have that −KY is big, so ∆Y is big. We conclude
that Y is a Fano type variety. 
Lemma 3.18. Let Y be a Fano type variety and X → Y be a Galois cover. Assume that there exists a
boundary BY on Y so that KY + BY ∼Q 0 and (Y,BY ) is log canonical. Assume that the ramification
divisors of X → Y are contained in the log canonical centers of (Y,BY ). Then, the variety X is of Fano
type.
Proof. Let ∆Y be a boundary on Y so that (Y,∆Y ) has klt singularities and −(KY +∆Y ) is big and nef.
Define ∆′Y,ǫ := (1 − ǫ)BY + ǫ∆Y . Note that for every ǫ ∈ (0, 1), we have that KY + ∆Y,ǫ is a klt pair so
that −KY +∆Y,ǫ is big and nef. Furthermore, if we pick ǫ > 0 small enough, the pull-back of KY +∆Y,ǫ is
a log pair KX + ∆X,ǫ. Indeed, it suffices to take ǫ < 1/r, where r is the largest ramification index among
codimension one points of Y , which by assumption are log canonical centers of (X,BX), so they appear in
⌊BX⌋. We conclude that, for ǫ small enough, the log pair (X,∆X,ǫ) has klt singularities and −KX +∆X,ǫ
is big and nef. Hence, X is of Fano type. 
3.3. Toric Geometry. In this subsection, we recall some basics of toric geometry and the characterization
of toric varieties using complexity.
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Definition 3.19. A toric variety is a normal variety X of dimension n containing an algebraic torus Gnm as
an open subset, so that the action of Gnm on itself by multiplication extends to the whole variety. A divisor
B on X is said to be torus invariant or toric divisor if it is invariant with respect to the action of Gnm. A pair
(X,B) is said to be a toric pair if X is a toric variety and B is a torus invariant divisor. A morphism X → Y
between toric varieties is said to be a toric morphism if it is equivariant with respect to the corresponding
torus actions.
Definition 3.20. We say that a point x ∈ X on an algebraic variety is toroidal if the completion of its
local ring is isomorphic to the completion of the local ring of a point on a toric variety. For instance, any
smooth point is toroidal. Analogously, we say that a log pair x ∈ (X,∆) is toroidal if x ∈ X is toroidal
and the isomorphism identifies ∆ with a toric boundary. Note that a toroidal pair must have log canonical
singularities on a neighborhood of x.
The following lemma states that for a projective toric variety X there is a unique toric invariant boundary
B so that the pair (X,B) is log Calabi-Yau.
Lemma 3.21. Let X be a projective toric variety. Let B be the complement of the torus on X with reduced
scheme structure. Then B is an effective divisor, (X,B) has log canonical singularities, and KX +B ∼ 0.
Proof. The fact that B is a divisor follows from [CLS11, Theorem 3.2.6], the fact that (X,B) has log canonical
divisor is proved in [Amb06, §2], and finally the linear equivalence KX+B ∼ 0 is proved in [CLS11, Theorem
8.2.3]. 
The following lemma states that any projective log Calabi-Yau toric pair is crepant equivalent to the
projective space with the union of the torus invariant hyperplanes as the boundary.
Lemma 3.22. Let (X,B) be a n-dimensional log Calabi-Yau toric pair. Then, the birational map X 99K Pn
is crepant equivalent for the log pair structures (X,B) and (Pn, H1 + · · ·+Hn+1).
Proof. Let Σ be the fan in NQ defining X and Σn be the standard fan in NQ defining P
n. Consider a common
refinement fan Σ′ of Σ and Σn. Let X
′ be the toric variety defined by Σ′ and B′ its toric boundary. Then,
we have induced birational toric morphisms φ : X ′ → X and φn : X
′ → Pn, which we may assume to be
projective. Furthermore, we have that φ∗(KX+B) = KX′ +B
′ and φ∗n(KPn+H1+ · · ·+Hn+1) = KX′ +B
′.
We conclude that (X,B) and (Pn, H1 + · · ·+Hn+1) are crepant equivalent toric pairs. 
The following proposition will be used to prove that certain birational models of toric projective varieties
are still toric.
Proposition 3.23. Let (X,B) be a projective toric pair and φ : Y 99K X be a birational map from a projective
variety Y . Assume that all the prime divisors extracted by φ have log discrepancy in the interval [0, 1) with
respect to the log pair (X,B). Denote by (Y,BY ) the log pull-back of (X,B) to Y . Then, (Y,BY ) is a toric
pair as well.
Proof. It is known that terminal valuations over toric pair are toric valuations as well (see, e.g. [dFD16,
Proposition 6.2]). Furthermore, any log canonical place of a toric pair is a terminal valuation after perturbing
the coefficient of the toric boundary. Hence, we can find a projective toric morphism X ′ → X so that
X ′ 99K Y is a birational map which is dominant in codimension one. Let AY be an ample divisor on Y and
AX′ its strict transform on X
′. AX′ is linearly equivalent to a toric divisor on X
′, it is pseudo-effective,
and its base locus has codimension at least two. We may run a minimal model program for AX′ , which
terminates in a good minimal model, since X ′ is a Mori dream space. All the steps of this minimal model
program are toric and the ample model is toric as well. Furthermore, the ample model is small birational to
Y , so we conclude that Y is a projective toric variety as well. 
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A main application of the above proposition is the following corollary, which allows us to deduce that X
is toric when some minimal model program terminates in a toric variety.
Corollary 3.24. Let (X,B) be a projective log Calabi-Yau pair. Assume that X 99K X ′ is a minimal model
program for some divisor on X that only contract divisors contained in the support of B. Let B′ be the
push-forward of B to X ′. Furthermore, assume that (X ′, B′) is a log Calabi-Yau toric pair. Then (X,B) is
a toric pair as well.
Finally, we state a proposition that will allow us to prove that certain finite automorphism of a projective
toric variety is indeed a subgroup of the torus.
Proposition 3.25. Let n and h be two positive integers. There exists a positive integer N := N(n, h), only
depending on n and h, satisfying the following. Let H0 < Aut(G
n
m) be a subgroup of order at most h so that
H0 is normalized by A, where Z
n
M 6 A < G
n
m < Aut(G
n
m) and M is at least N . Then, H0 is a subgroup of
Gnm.
Proof. We may assume that H0 is cyclic generated by h0. Replacing A by A
|Aut(H)|, we may assume that A
commutes with h0. Note that |Aut(H)| is bounded by Oh(1). Furthermore, we have that A
|Aut(H)| ≥ ZnM
provided that A ≥ ZnM|Aut(H)|. Therefore, we may assume that h0 commutes with Z
n
M . Write
h0(x1, . . . , xn) = (λ1x
c1,1
1 · · ·x
c1,n
n , . . . , λnx
cn,1
1 · · ·x
cn,n
n ).
Let C be the matrix in GLn(Z) with entries ci,j ’s. Then, we have that C
h is the identity matrix. Furthermore,
since h commutes with A, we conclude that
ci,j ≡M 0 for each i 6= j
and
ci,i ≡M 1 for each 1 ≤ i ≤ n.
Hence, we may write ci,j =Mc
′
i,j and ci,i =Mc
′
i,i+1 for certain integeres c
′
i,j ’s. On the other hand, we know
that the eigenvalues of C are h-roots of unity. If
∑n
i=1 c
′
i,i 6= 0 and M > 2n, then ||n+M(
∑n
i=1 c
′
i,i)|| > n.
In particular, the trace of C can’t be equal to the sum of at most n roots of unity. We conclude that provided
M > 2n, we have that
∑n
i=1 c
′
i,i = 0. From now on, we may assume this is the case. In particular, we have
that the trace of C equals n. However, since the eigenvalues of C are exactly n roots of unity, this implies
that all the eigenvalues must be one. Since C is diagonalizable and all its eigenvalues are one, we conclude
that C is the identity matrix.
Let h′ := h′(h) be an upper bound for the order of the automorphism group of all finite groups of order
at most h. Note this number h′ only depends on h. We deduce that provided M > max{h′, 2n}, we have
that H0 < G
n
m as claimed. 
The proof of the following proposition is analogous to the one of Proposition 3.25. We give a proof for
the sake of completeness.
Proposition 3.26. Let n and h be two positive integers. Let H0 < Aut(G
n
m) be an abelian group. Assume
A0 6 H0 is a subgroup of index at most h satisfying Z
n
M 6 A0 < G
n
m where M > 2n. Then, H0 is a subgroup
of Gnm.
Proof. Note that Hh0 < A0 < G
n
m. Recall that, we have an exact sequence
1→ Gnm → Aut(G
n
m)→ GLn(Z)→ 1.
Let h0 be an element of H0. The image of h0 in GLn(Z) is a matrix C with C
h being the identity matrix.
Hence, we conclude that the eigenvalues of C are roots of unity. Write
h0(x1, . . . , xn) = (λ1x
c1,1
1 · · ·x
c1,n
n , . . . , λnx
cn,1
1 · · ·x
cn,n
n ).
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Since h0 commutes with A0, then it also commutes with Z
n
M . As in the proof of the previous proposition,
we conclude that
ci,j ≡M 0 for each i 6= j
and
ci,i ≡M 1 for each 1 ≤ i ≤ n.
Hence, we may write ci,j = Mc
′
i,j and ci,i = Mc
′
i,i + 1 for certain c
′
i,j ’s. On the other hand, we know that
the eigenvalues of C are roots of unity. If
∑n
i=1 c
′
i,i 6= 0 and M > 2n, then ||n+M(
∑n
i=1 c
′
i,i)|| > n. Leading
to a contradiction. We conclude that provided M > 2n, we have that
∑n
i=1 c
′
i,i = 0. From now on, we may
assume this is the case. In particular, we have that the trace of C equals n. However, since the eigenvalues of
C are exactly n roots of unity, this implies that all the eigenvalues must be one. Since C is diagonalizable and
all its eigenvalues are one, we conclude that C is the identity matrix. This means that h0 ∈ G
n
m, provided
that M > 2n, as claimed. 
3.4. Complexity. In this subsection, we recall the concept of complexity and the characterization of pro-
jective toric varieties using this invariant. There are more fine versions of the complexity than the one we
use in this article (see, e.g., [BMSZ18]).
Definition 3.27. Let (X,∆) be a log pair. Let x ∈ X be a closed point. Let ∆ =
∑k
i=1 di∆i be the prime
decomposition of ∆ around x ∈ X . We define the local complexity of (X,∆) at x to be
c(X,∆;x) := dim(X) + ρx(X)−
k∑
i=1
di,
where ρx(X) stands for the local Picard rank, i.e., the Q-rank of the local Q-Class group.
The following theorem asserts that the local complexity of a Q-factorial pair is always non-negative.
Furthermore, if the complexity is zero, it is supported on a toroidal point.
Theorem 3.28 (cf. [Kol92, Proposition 16.6.1]). Let x ∈ (X,∆) be a log canonical pair. Then, cx(X,∆;x) ≥
0. If the equality holds, then (X, ⌊D⌋) is toroidal around x ∈ X.
Now, we proceed to introduce a global version of the complexity.
Definition 3.29. Let (X,∆) be a projective pair and ∆ =
∑k
i=1 di∆i be the prime decomposition of the
boundary divisor. We define the complexity of (X,∆) to be
c(X,∆) := dim(X) + ρ(X)−
k∑
i=1
di,
where, as usual, ρ(X) is the Picard rank of the projective variety X .
The following is a version of the main theorem of [BMSZ18]. This version will suffice for our purposes in
this article.
Theorem 3.30 (cf. [BMSZ18, Theorem 1.2]). Let (X,∆) be a projective pair with log canonical singularities
so that KX + ∆ ∼Q 0. Then, we have that c(X,∆) ≥ 0. Furthermore, if c(X,∆) = 0, then (X, ⌊∆⌋) is a
toric pair.
Now, we turn to introduce two propositions that explain when the quotient or cover of a toric variety
remains toric. Both of them are well-known facts, we give short proofs using the complexity.
Proposition 3.31. Let X be a projective n-dimensional toric variety and H < Gnm 6 Aut(X) be a finite
group. Then, the quotient Y := X/H is a toric variety.
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Proof. Let D1, . . . , Dk be the prime torus invariant divisors of X . Then, we have that k = dim(X) + ρ(X).
Furthermore, each Di is H-invariant. Define B :=
∑k
i=1Di and (Y,BY ) be the log quotient of (X,B). Then,
(Y,BY ) has log canonical singularities. Furthermore, we have that ρ(Y ) ≤ ρ(X). Thus, the complexity of
(Y,BY ) is at most dim(Y )+ρ(Y )−k ≤ dim(X)+ρ(X)−k = 0. By Theorem 3.30, we conclude that (Y,BY )
is a projective toric pair and X → Y is a finite toric morphism. 
Proposition 3.32. Let Y be a projective toric variety and X → Y be a finite morphism which does not
ramify over the torus of Y . Then X is a projective toric variety.
Proof. Set n = dim(X) = dim(Y ). Let BY the be reduced toric boundary of Y and D1, . . . , Dk its prime
components. Since π : X → Y is unramified over the torus, we conclude that X contains an open subset
isomorphic to the torus. Furthermore, at the generic point of each divisor Di the cover is given by z 7→ z
m
on local coordinates for some positive integer m. We conclude that π∗Di is prime for each i. Henceforth,
the Picard group of X is generated by the divisors π∗D1, . . . , π
∗Dk, which are prime. Recall that the Picard
rank of Y equals k− n. Hence, we can find k− n Q-divisors Γ1, . . . ,Γkn , supported on supp(D1 ∪ · · · ∪Dk),
which generate the Picard group. In particular, for each 1 ≤ i ≤ k, we can write
Di ∼Q
k−n∑
j=1
γi,jΓj,
pulling-back the above relations via π, we obtain Q-linearly equivalences
π∗Di ∼Q
k−n∑
j=1
γi,jπ
∗Γj .
Thus, the divisors π∗Γj with 1 ≤ j ≤ k−n generate the Picard group of X . Thus, we have that ρ(X) ≤ k−n.
Let (X,B) be the log pull-back of (Y,BY ) to X . Note that (X,B) is log Calabi-Yau, and ⌊B⌋ has k
components. We conclude that
c(X,B) = dim(X) + ρ(X)− k ≤ n+ (k − n)− k = 0.
By Theorem 3.30, we conclude that (X,B) is a toric pair. 
Remark 3.33. In the two above propositions, we obtain that X → Y is a finite toric morphism and
ρ(X) = ρ(Y ). Furthermore, the combinatorial structures of the fans of X and Y are the same. Although,
the monomorphism of these fan structures into the lattice N may change.
3.5. Log crepant equivalent toric quotients. In this subsection, we introduce the concept of log crepant
equivalent toric quotient projective varieties and log crepant equivalent toric quotient singularities. These
are analogs of quotient singularities and toric singularities.
Definition 3.34. Let (X,B) be a projective pair. We say that (X,B) is crepant equivalent toric, if there
exists a birational map π : X 99K T to a toric variety T so that π∗(KT + BT ) = KX + B, where BT is the
reduced toric boundary of T . By the pull-back of a birational map, we mean the pull-back to a common
resolution and then push-forward to X . Note that in the above case, we will have KX +B ∼ 0. A projective
variety X is said to be log crepant equivalent toric if there exists a boundary B on X so that (X,B) is
crepant equivalent toric. The boundary B will be called the crepant equivalent toric boundary.
Definition 3.35. A projective variety X is called log crepant equivalent toric quotient if X is the quotient
of a log crepant equivalent toric variety by a finite group G. The push-forward of the crepant equivalent
toric boundary to X is called the crepant equivalent toric quotient boundary
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Definition 3.36. A klt singularity is called toric quotient if it is the quotient of a toric singularity by a
finite group. Note that all toric singularities and quotient singularities are toric quotient singularities. A klt
singularity is called log crepant equivalent toric quotient if it is isomorphic to the orbifold cone over a log
crepant equivalent toric quotient projective variety. We write lce-tq singularities for short.
Remark 3.37. Note that we have the following inclusions of classes of singularities:
{Cyclic quotient singularities} = {Quotient singularities} ∩ {Toric singularities} (
{Quotient singularities} ∪ {Toric singularities} ( {Toric quotient singularities} (
{Log crepant equivalent toric quotient singularities}.
The class of lce-tq singularities is the smaller class which arises from cyclic quotient singularities and is
closed with respect to: taking finite quotients, taking universal covers, and taking birational models of
the exceptional divisor of a plt blow-up. Hence, these singularities arises naturally from cyclic quotient
singularities by considering natural operations on singularities of the MMP. Other classes of singularities
of the minimal model program, for instance, exceptional singularities, are closed under all these operations
as well (see, e.g., [Mor18a]). In Example 7.1, we give an example of a lce-tq singularity which is not toric
quotient.
3.6. Regional fundamental group. In this subsection, we recall the concept of regional fundamental
group and the fundamental group of the log smooth locus of a Fano type variety.
Definition 3.38. We say that a log pair (X,∆) has standard coefficients if the coefficients of ∆ are of the
form 1 − 1n , where n is a positive number (see Definition 3.57). Giving a log pair (X,∆), we define its
standard approximation to be the pair (X,∆s) with largest boundary so that ∆s ≤ ∆ and ∆s has standard
coefficients.
Definition 3.39. Let x ∈ (X,∆) be the germ of a singularity. We denote by Xsm the locus on which
(X,∆) is log smooth. Let U be a neighborhood of x. We denote by ∆s the standard approximation of
∆. For each prime component P of ∆s, we denote by nP the positive integer so that such component
appears with coefficient 1 − 1nP in ∆s. We define the fundamental group π
alg
1 (U,∆U ;x) to be the subgroup
of πalg1 (U ∩X
sm \ supp(∆U )) which correspond to finite covers which ramify with index at most nP at each
prime P . We define the regional fundamental group of x ∈ (X,∆), denoted by πreg1 (X,∆;x), to be the inverse
limit of all the groups πalg1 (U,∆U ;x) where the U ’s run over all open neighborhoods of x. In the case that
we work with complex germs, we may replace πalg with the usual fundamental group πloc.
It is known that the regional fundamental group of klt singularities is finite. In the case of the algebraic
fundamental group, this is due to Chenyang Xu [Xu14]. In the case of complex singularities and the usual
fundamental group, this is a recent result of Lukas Braun [Bra20]. In the next subsection, we turn to give a
more precise characterization of such groups. The following proposition is the existence of universal covers
for the regional fundamental group.
Proposition 3.40. Let x ∈ (X,∆) be the germ of a klt singularity. Then, there exists a Galois cover
π : Y → X, which is the quotient by G := πreg1 (X,∆;x), so that x ∈ X has a unique pre-image and the
pull-back π∗(KX +∆) = KY +∆Y is a klt germ.
3.7. Jordan Property. In this subsection, we recall the Jordan property for the automorphism group of
Fano type varieties, and for the regional fundamental group of klt singularities. The theorems of this section
are obtained relying on the work of Prokhorov and Shramov [PS14,PS16].
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Definition 3.41. Let G be a class of finite groups. We say that G satisfy the Jordan property with rank k
if there exists a constant J := J(G), only depending on G, so that for every group G ∈ G, we can find an
abelian normal subgroup A 6 G of index at most J and rank at most k.
The following theorems are due to Prokhorov and Shramov.
Theorem 3.42 (cf. [PS16, Theorem 4.2]). Let n be a positive integer. There exists a function N(n), only
depending on n, satisfying the following. Let G be a finite group acting on a rationally connected variety of
dimension n. Then, G admits a subgroup of index at most N(n) which acts with a fixed point.
Theorem 3.43. The class G of finite automorphisms of Fano type varieties of dimension n satisfy the
Jordan property with rank n.
Definition 3.44. We say that a pair (X,∆) is a Fano type pair if there exists B ≥ ∆ so that (X,B) has
klt singularities and −(KX +B) is big and nef. The log smooth locus of a Fano type pair is the largest open
subset on which (X,∆) is log smooth.
The following theorem is proved in [BFMS20]. It is one of the main pieces towards proving the Jordan
property for the regional fundamental group of klt singularities.
Theorem 3.45 (cf. [BFMS20, Theorem 3]). The fundamental group of the log smooth locus of Fano type
pairs is finite. Furthermore, the class of fundamental groups of the log smooth locus of Fano type pairs of
dimension n satisfy the Jordan property with rank n.
The following theorem is the Jordan property for the regional fundamental group of klt singularities.
It is stated in terms of complex germs. However, a similar proof works over algebraically closed fields of
characteristic zero.
Theorem 3.46 (cf. [BFMS20, Theorem 2]). The class of regional fundamental group of complex klt singu-
larities of dimension n satisfy the Jordan property with rank n.
It is well-known that the regional fundamental group surjects into the local fundamental group of the
singularity, so we obtain the following theorem.
Theorem 3.47 (cf. [BFMS20]). The class of local fundamental groups of complex klt singularities of dimen-
sion n satisfy the Jordan property with rank n.
The above theorem was conjectured by Shokurov. It is also conjectured that a better bound of the rank
can be given in terms of regularity of the klt singularity (see, e.g., [Sho00, §7]). As mentioned above, this
article aims to understand how the existence of a large abelian group in the regional fundamental group of
a klt singularity reflects in its geometry. The class of lce-tq singularities is a prototype of singularities with
large abelian subgroups of rank n in their regional fundamental group.
3.8. Groups with large k-generation. In this subsection, we recall the definition of the k-generation of
a finite group and study some properties of finite groups with large k-generation. This concept is already
introduced in [Mor20]. Recall that we take the rank of a group to be the minimum cardinality of a set of
generators.
Definition 3.48. We define the rank of up to index N of a group G to be minimum rank among subgroups
of G of index at most N . We denote the rank up to index N by rN (G). If N = 0, then rank(G) is the usual
rank of a finite group, i.e., the minimum number of generators.
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Definition 3.49. Let G be a finite group. Let k be a positive integer which is bounded above by the rank
of G. We define the k-generation order of G to be
gk(G) := max {N | |G| ≥ N and rN (G) ≥ k} .
Note that gk(G) ≥ 1 for each k ≤ rank(G). Furthermore, having large 1-generation is the same as having
large cardinality.
The following proposition implies that large k-generation is a hereditary property for subgroups of bounded
index.
Proposition 3.50. Let G be a finite group with gk(G) ≥ N Let H be a subgroup of index at most J with
J < N . Then H has gk(H) ≥ N/J .
Proof. Note that rank(H) ≥ k and |H | ≥ N/J . Assume that gk(H) < N/J . Then, we have that rN/J(H) <
k. So, there exists a subgroup A of H of index at most N/J which is generated by less than k elements.
Hence, A is a subgroup of G of index at most N which is generated by less than k elements. This contradicts
the fact that rN (G) ≥ k. Thus, we conclude that gk(H) ≥ N/J . 
The following lemma shows that abelian groups of rank at most n with large n-generation contains Znm
with some large m.
Lemma 3.51. Let A be an abelian group of rank at most n with gn(A) ≥ N . Then, A contains Z
m
N as a
subgroup for some m ≥ N .
Proof. Write A ≃ Zm1 ⊕ · · · ⊕ Zmn where m1 | m2 | · · · | mn. Since gn(A) ≥ N , we have that m1 ≥ N . So,
we conclude that Znm1 6 A with m1 ≥ N . 
We will use the following lemma to study the induced actions on the fiber and base of an equivariant Mori
fiber space.
Lemma 3.52. Consider an exact sequence
1→ AF → A→ AC → 1.
Assume that gn(A) ≥ N . Then, the following conditions hold:
(1) If AF has a subgroup of index at most M and rank at most f , then gn−f (AC) ≥ N/M .
(2) If AC has a subgroup of index at most M and rank at most c, then gn−c(AF ) ≥ N/M .
Proof. We prove the first statement. Assume this is not the case, then AC has a subgroup HC of index
at most N/M which is generated by less than n − f elements. We can pick elements a1, . . . , an−f−1 ∈ A
which generate a subgroup surjecting onto HC . Let HF be the subgroup of AF of index at most M which
is generated by at most f elements. We conclude that 〈a1, . . . , an−f−1, H〉 is a subgroup of A of index at
most N which is generated by less than n elements. This leads to a contradiction.
Now, we prove the second statement. Let HC be the subgroup of AC of index at mostM and rank at most
c. Let a1, . . . , ac be elements of A which maps to the generators of HC . Assume that gn−c(AF ) < N/M .
Then, there exists a subgroupHF ofAF of index at mostN/M which is generated by elements h1, . . . , hn−c−1.
Consider the group H = 〈a1, . . . , ac, h1, . . . , hn−c−1〉. Then, H is a subgroup with less than n generators so
that its index on A is at most N . This gives a contradiction of the fact that gn(A) ≥ N . 
The following lemma will be used in the proof of our main local statement to prove that the induced
action on a plt center has large k-generation.
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Lemma 3.53. Let G be a finite group with gn(G) ≥ N and n ≥ 2. Consider an exact sequence
1→ C → G→ H → 1,
where C is a cyclic group. Then, we have that gn−1(H) ≥ N .
Proof. Assume that gn−1(H) < N . If |H | < N , then C is a cyclic subgroup of index at most N on G, which
leads to a contradiction of gn(G) ≥ N . On the other hand, assume that rn−1(H) < N . Then, we can find a
subgroup H ′ 6 H of index at most N so that H ′ is generated by less than n− 1 generators. Let h′1, . . . , h
′
s
be the generators of H ′ with s ≤ n − 1. Let g1, . . . , gs be elements of g mapping to h
′
1, . . . , h
′
s respectively.
Let g be the image of the generator of C on G. Then, we have that g, g1, . . . , gs are less than n elements
generating a subgroup of G of index at most N . This leads to a contradiction as well. We conclude that
gn−1(H) ≥ N . 
3.9. G-equivariant MMP. In this subsection, we recall some basic results about the G-equivariant minimal
model program.
Definition 3.54. Let X be an algebraic variety and G 6 Aut(X) be a finite group. We say that X is
GQ-factorial if every G-invariant divisor on X is Q-Cartier.
The two following propositions are straightforward applications of [BCHM10, Corollary 1.4.3]. We give a
proof of the first statement for the sake of completeness. The proof of the second statement is analogous.
Proposition 3.55. Let (X,∆) be a G-invariant klt pair. Then, there exists a projective birational G-
equivariant morphism π : X ′ → X which extract the divisorial valuations with log discrepancy in (0, 1].
Furthermore, X ′ is GQ-factorial.
Proof. Let (Y,∆Y ) be the log quotient of the pair (X,∆) with respect to G. Note that (Y,∆Y ) is a klt pair.
Furthermore, all the divisorial valuations of (X,∆) with log discrepancies in (0, 1] with respect to (X,∆),
will correspond to divisorial valuations of (Y,∆Y ) with log discrepancies in (0, 1] with respect to (Y,∆Y ).
Let V be such finite set of valuations over (Y,∆Y ). By [BCHM10, Corollary 1.4.3], we know that there exists
a projective birational morphism Y ′ → Y which is Q-factorial and extract divisors corresponding to S. Now,
let X ′ be the normalization of the main component of Y ′×Y X . Then, we have that X
′ is GQ-factorial and
it extracts all divisorial valuations with log discrepancy in (0, 1] with respect to (X,∆). By construction,
the birational morphism X ′ → X is G-equivariant. 
The model constructed in the above proposition will be called a G-terminalization of the G-invariant pair.
Proposition 3.56. Let (X,∆) be a G-invariant klt pair. Then, there exists a projective birational G-
equivariant morphism π : Y → X which extract the divisorial valuations with log discrepancy (0, 1). Further-
more, Y is GQ-factorial.
The model constructed in the above proposition will be called a G-canonicalization of the G-invariant
pair.
Definition 3.57. Let S be a finite set of rational numbers. We define the hyperstandard set of coefficients
associated to S, denoted by Φ(S), to be the set
{
1− sm | s ∈ S,m ∈ N
}
. If S := {1}, then we say that Φ(S)
is the set of standard coefficients. Note that Φ(S) satisfies the descending chain condition, i.e., there is no
infinite decreasing sequence on Φ(S).
Proposition 3.58. Let n and M be two positive integers. There exists a constant q := q(n,M), only
depending on n and M , satisfying the following. Let X be a Fano type variety of dimension n. Let G 6
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Aut(X) be a finite subgroup. Let (X,B) be a log canonical pair which is G-invariant and M(KX +B) ∼ 0.
Let π : X → C be a G-equivariant contraction. Then, we can write
q(KX +B) ∼ qπ
∗(KC +BC +MC),
where the coefficients of BC belong to N
[
q−1
]
andMC is the push-forward of a nef divisor MC′ on a projective
birational model C′ → C so that qMC′ is Cartier. Furthermore, BC and MC are equivariant with respect to
the action induced by G on the base.
Proof. We have an exact sequence
1→ Gf → G→ GC → 1,
where Gf is acting fiber-wise and GC is the induced action on the base. We consider the quotient of the
fibration X → C by G obtaining a commutative diagram as follows:
X
f
//
π

Y
πY

C
fC // CY .
Let (Y,BY ) be the quotient of (X,B) by G. Then, we have that f
∗(KY +BY ) = KX+B and the coefficients
of BY belong to Φ
(
N
[
M−1
])
. By Lemma 3.17, we know that both Y and CY are Fano type varieties. Hence,
the contraction πY satisfies all the conditions of [Bir16a, Proposition 6.3]. So, we can write
q(KY +BY ) ∼ qπ
∗
Y (KCY +BCY +MCY ),
where q only depends onM and n. The coefficients of BCY belong to Φ(S), where S is a finite set of rational
numbers which only depend on M and n. Furthermore, MCY is the push-forward of a nef Q-Cartier divisor
MC′
Y
on a projective birational model C′Y → CY so that qMC′Y . Note that KCY + BCY + MCY ∼Q 0.
By [BZ16, Theorem 1.6], we conclude that the coefficients of BCY are indeed in a finite set. Furthermore,
by the boundedness of complements [Bir16a, Theorem 1.7], we may assume that q(KCY +BCY +MCY ) ∼ 0.
We define KC +BC +MC = f
∗
C(KCY +BCY +MCY ). Then, we conclude that the coefficients of BC belong
to a finite set which only depends on M and n. The same holds for the Cartier index of the nef Q-Cartier
divisor MC′. By construction, (C,BC +MC) is a G-equivariant pair and we have
q(KX +B) ∼ qπ
∗(KC +BC +MC).

Proposition 3.59. Let (X,B) be a log canonical pair and π : X → Y be a contraction so that KX+B ∼Q,Y 0.
Let BY be the boundary part of the pair induced by the canonical bundle formula. Let S be a prime component
of ⌊B⌋ which ramifies over the prime divisor P ⊂ Y . Then, we have that P ⊂ supp(BY ).
Proof. Let (Y,BY +MY ) be the generalized pair induced on the base by the canonical bundle formula (see,
e.g., [Amb06]). Let Sν → S be the normalization of S. Consider the Stein factorization of Sν → Y . We
denote by Sν → Y ′ the contraction morphism and f : Y ′ → Y the finite morphism. Let KSν + BSν be
the induced pair on Sν . By construction (Sν , BSν ) has log canonical singularities. We apply the canonical
bundle formula to KSν + BSν with respect to Y
′ and we obtain a generalized pair (Y ′, BY ′ +MY ′). By
construction, we have that f∗(KY ′ + BY ′ +MY ′) = KY + BY +MY is the push-forward with respect to a
finite morphism. Hence, if f ramifies along a codimension one point, then BY has a positive coefficient at
such prime divisor. 
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3.10. G-equivariant complements. In this subsection, we recall some results about the existence of
bounded G-complements.
Definition 3.60. Let (X,∆) be a log pair. We say that a boundary B ≥ ∆ on X is a Q-complement of
(X,∆) if (X,B) has log canonical singularities and KX +B ∼Q 0. We say that a boundary B ≥ ∆ on X is a
M -complement of (X,∆) if (X,B) has log canonical singularities and M(KX +B) ∼ 0. In the former case,
we say that −(KX +∆) is Q-complemented. In the latter case, we say that −(KX +∆) is M -complemented.
Definition 3.61. Let (X,∆) be a log pair and G 6 Aut(X,∆) be a finite subgroup. We say that a
boundary B ≥ ∆ on X is a G-equivariant Q-complement of (X,∆) if (X,B) is G-invariant, has log canonical
singularities, and KX + B ∼Q 0. We say that a boundary B ≥ ∆ on X is a G-equivariant M -complement
of (X,∆) if (X,B) is G-invariant, has log canonical singularities, and M(KX +B) ∼ 0. In the former case,
we say that −(KX +∆) is GQ-complemented. In the latter case, we say that −(KX +∆) is G-equivariantly
M -complemented.
It is well-known that a G-invariant Q-complemented pair is also GQ-complemented (see,e.g., [Mor20,
Proposition 2.17]).
Theorem 3.62 (cf. [Mor20, Theorem 2.19]). Let n be a positive integer and Λ ⊂ Q with Λ ⊂ Q which
satisfies the descending chain condition. There exists a constant M := M(n,Λ), only depending on n and
Λ, satisfying the following. Let X be a n-dimensional Fano type variety and ∆ be a boundary on X with the
following conditions:
(1) G 6 Aut(X,∆) is a finite group,
(2) (X,∆) has log canonical singularities,
(3) the coefficients of ∆ belong to Λ, and
(4) −(KX +∆) is Q-complemented.
Then, (X,∆) admits a G-equivariant M -complement.
4. Bounded anti-pluricanonically embededd varieties
In this section, we study bounded families of anti-pluricanonically embedded varieties which have large
finite automorphisms. In this case, we prove that a bounded index subgroup of such finite groups factors
through a torus action. The main idea is to use the boundedness of Fano type varieties to reduce the problem
to a finite set of isomorphisms classes of connected reductive groups.
Theorem 4.1. Let n andM be positive integers. There exists a constantM ′ :=M ′(M,n), only depending on
M and n, satisfying the following. Let (X,B) be a n-dimensional log canonical pair so that M(KX +B) ∼ 0
and X is a canonical Fano variety. If A is an abelian group with gn(A) ≥M
′ so that A < Aut(X,B), then
X is a projective toric variety and B is the reduced toric boundary. Furthermore, we have that A < Gnm 6
Aut(X,B).
Proof. Since X is canonical Fano, then the algebraic groups Aut(X) form a bounded family of linear alge-
braic groups. Given that M(KX + B) ∼ 0, we conclude that the log pairs (X,B) are log bounded. Hence,
the subgroups Aut(X,B) 6 Aut(X) form a bounded family of linear algebraic groups. The number of con-
nected components of Aut(X,B) is upper semicontinuous over the base. Hence, by Noetherian induction, we
deduce that such a number must achieve a finite upper bound on this bounded family. In particular, there
exists a constant M ′0 := M
′
0(M,n), only depending on M and n, so that M
′
0 ≥ |Aut(X,B)/Aut
0(X,B)| for
every log pair (X,B) as in the statement of the theorem. Let A0 be the intersection of A with Aut
0(X,B).
By Proposition 3.50, we know that gn(A0) ≥ gn(A)/M
′
0. Let AutR(X,B) be a connected reductive linear
algebraic quotient of Aut0(X,B). Note that the groups AutR(X,B) have bounded dimension. Recall that
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connected reductive linear algebraic groups of bounded dimension belong to finitely many isomorphisms
classes. Then, we conclude that the groups AutR(X,B) belong to finitely many isomorphisms classes of re-
ductive groups. LetR be such finite set of isomorphism classes of connected reductive linear algebraic groups.
Furthermore, any split maximal algebraic torus of AutR(X,B) lifts to a split algebraic torus of Aut
0(X,B)
(see, e.g., [Bor91, Theorem 10.6.(4)]). Since the unipotent radical does not contain finite subgroups, we
conclude that there is a monomorphism A0 < AutR(X,B). It suffices to prove that for gn(A0) ≥M
′, where
M ′ := M ′(R) only depends on R, the finite group A0 is contained in a maximal split torus of AutR(X,B).
Since R is finite, we may take A0 depending on each such reductive group G ∈ R.
Let G be a connected reductive linear algebraic group. We claim that there exists M ′ := M ′(G), only
depending on G, satisfying the following: If A0 < G is a finite abelian group with rank at most n and
gn(A0) ≥ M
′, then a bounded subgroup of A0 is contained on a split torus of G of rank at least n. Let
B be a Borel subgroup of G. Then A0 acts on G/B which is a projective rationally connected variety. By
Theorem 3.42, we know that a bounded subgroup A′0 of A0 acts with a fixed point. The index of A
′
0 on A0
is bounded by a function ofly depending on dim(G/B) which only depends on G. Hence, A′0 is contained
in a Borel subgroup of G. Then, since A′0 only contains semi-simple elements, it must be contained in a
maximal torus of such Borel subgroup. By Lemma 3.51, we conclude that A′0 > Z
n
M , whenever g(A
′
0)n ≥M .
In particular, such maximal torus has rank at least n. Thus, we obtain an induced torus of rank at least n
in Aut(X,B). Since X is a n-dimensional algebraic variety, we conclude that it must be a projective toric
variety. By construction, B must be invariant under the torus action and effective. Hence, we conclude that
B must be the reduced toric boundary.
Thus, we have a subgroup A′0 6 A of index bounded by a function M(n) on n so that A
′
0 < G
n
m. We
claim that A < Aut(Gnm). Indeed, by assumption, we know that A < Aut(X,B) where (X,B) is a projective
toric pair. In particular, A must act as an automorphism group of X \ supp⌊B⌋ ≃ Gnm. This proves the
claim. Note that A′0 < G
n
m has rank at most n and gn(A
′
0) > gn(A)/M(n). By Lemma 3.51, we conclude
that A′0 > Z
n
M with M ≥ N provided that gn(A) ≥ NM(n). Then, all the conditions of Proposition 3.26
are satisfied. We conclude that for g(A)n ≥ 2nM(n), we have that A < G
n
m. This proves the last statement
of the theorem. 
Remark 4.2. The above theorem holds in general for any family of log pairs (X,B) so that −KX is ample,
X has ǫ-log canonical singularities for some ǫ > 0, and the coefficients of B are bounded away from zero.
However, we state it for canonical Fano varieties since we only use it in this context. Note that in the
theorem we start with a bounded family of Fano varieties, and we end up with a finite family of Fano toric
varieties [BB92].
5. Degenerate divisors
In this section, we recall the concept of degenerate divisors from [Lai11]. We state classic results which
prove that components of a degenerate divisors are covered by curves which intersect it negatively.
Definition 5.1. Let X → Y be a proper surjective morphism of normal varieties. An effective Q-divisor D
on X is called degenerate over Y if the following conditions hold:
(1) No component of D is horizontal over the base, and
(2) for every prime divisor PY ⊂ Y there exists a prime divisor PX ⊂ X so that PX ( supp(D) and
f(PX) = PY .
Note that, if the image of D on Y has codimension at least two, then it is automatically degenerate. Hence,
the degenerate condition must be checked over codimension one points of the image of D.
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Note that our definition of degenerate divisor is slightly different from the definition in [Lai11, Definition
2.8]. In our case, we try to put both concepts of f -exceptional and insufficient fiber type together. However,
by the following proposition, the main property of degenerate divisors still holds.
Proposition 5.2. Let f : X → Y be a projective morphism so that Y is normal and X has klt singularities.
Let D be an effective divisor on X which is degenerate over Y . Then, there is a prime component F ⊂ suppD
which is covered by curves which are contracted by f and intersect D negatively. In particular, we have that
F ⊂ Bs−(D/Y ).
Proof. Note that we can always replace X by a small Q-factorialization and D with a multiple. In particular,
we may assume D is a Weil divisor. Assume that the image of D on Y contains a prime divisor PY . Then, by
assumption, we know that there is a prime divisor PX mapping to PY which is not contained in the support
of D. We claim that we can find a component F as in the statement of the proposition which dominates PY .
Cutting by hyperplanes on the base, we may assume that we have a morphism from a surface to a curve.
Since the statement is local over Y , we may always shrink an assume that D is contained in the fiber. We
may write D =
∑
riCi where the ri are positive integers and the Ci are possibly non-reduced and reducible
curves that don’t contain the whole fiber. If D2 = 0, then D must be supported on the whole fiber, leading
to a contradiction. Otherwise, D2 < 0 and we have a component C of some curve Ei for which D · C < 0.
Then, the corresponding component of D is covered by curves contracted by f which intersect D negatively.
In the case that the image of D on Y has codimension at least two, then this is proved in [Lai11, Lemma
2.9]. 
The following proposition proves that a relative minimal model program for a degenerate divisor terminates
with a good minimal model on which all components of the degenerate divisor are contracted.
Proposition 5.3. Let f : X → Y be a projective morphism so that Y is normal and X has klt singularities.
Let D be an effective divisor on X which is degenerate over Y . Then, any minimal model program for D
with scaling of an ample divisor over the base terminates after contracting all components of D.
Proof. Note that D is an effective divisor so Bs−(D) ⊂ D and the minimal model program must terminate, if
it does, with a minimal model. By Proposition 5.2, we know that after finitely many steps, some component
F ⊂ suppD will be contracted. Note that after such contraction, the strict transform ofD remains degenerate
over the base in the sense of Definition 5.1. Therefore, we can proceed inductively and deduce that eventually
all components of D will be contracted, so the minimal model program will terminate with a Q-trivial good
minimal model over Y . 
The following lemma is a consequence of the main property of degenerate divisors.
Lemma 5.4. Let f : X → Y be a projective morphism so that Y is normal and X has klt singularities. Let
D be an effective prime divisor on X which is vertical over Y and is Q-linearly trivial over Y . Then, the
image of D on Y is a prime divisor.
Proof. If the image of D on Y has codimension at least two, then by Proposition 5.2, we would have that
D has non-trivial diminished base locus over the base. Leading to a contradiction. We conclude that the
image of D on Y is a prime divisor. 
The following lemma is a refinement of Lemma 5.4. In particular, it says that in a Mori fiber space every
vertical prime divisor maps to a prime divisor.
Lemma 5.5. Let f : X → Y be a projective morphism so that Y is normal and X has klt singularities.
Assume that the relative Picard rank of f equals one. Let D be a prime divisor on X which is vertical over
Y . Then, the divisor D is the pull-back of a prime divisor on Y .
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Proof. Note that D is Q-linearly trivial over Y since it intersects every curve on a general fiber of f trivially.
By Lemma 5.4, we concldue that the image of D on Y is a prime divisor DY . Since D is Q-trivial over the
base, we conclude that the support of D equals the set-theoretic pre-image of DY . Hence, the pull-back of
some positive multiple of DY equals D. 
The following lemma allows us to argue that a prime vertical divisor is not contracted on a minimal model
program. It is a straightforward application of the upper-semicontinuity of fiber dimensions.
Lemma 5.6. Let X → Y be a projective morphism from a klt variety X to a normal variety Y . Let
π : X → X ′ be a contraction over Y . Let F be a prime effective divisor on X which is the pull-back of a
divisor on Y . Then F is not contracted by π.
The following proposition will help us to prove that certain vertical prime divisors on a Galois cover of a
Mori fiber space are the pull-back of a prime divisor on the base.
Proposition 5.7. Let X → Y be a projective morphism of relative Picard rank one. Assume that X has klt
singularities and Y is normal. Let Y ′ → Y be a Galois cover which is e´tale over UY ⊂ Y . Let UY ′ be the
pre-image of UY on Y
′. Let X ′ be the normalization of the main component of Y ′ ×Y X. Assume that Y
′
is Q-factorial. Then, every vertical prime divisor on X ′ whose image on Y ′ intersect UY ′ is the pull-back of
a prime divisor on Y ′.
Proof. Let Y ′ → Y be the quotient by G. Hence, X ′ → X is the quotient by G as well. The morphism
X ′ → X is e´tale over the pre-image of UY . Let F be a vertical prime divisor which maps to UY ′ . We claim
that F is the pull-back of a prime divisor on Y ′. Let FG :=
∑
g∈G g
∗F . Then FG is the pull-back of a prime
divisor FX on X . This prime divisor is vertical over Y , so it is Q-linearly trivial over Y , given that X → Y
has relative Picard rank one. By Lemma 5.5, we conclude that FX is the pull-back of a prime divisor FY
on Y . Denote by FY ′ the pull-back of FY to Y
′. We conclude that FG is the pull-back to X ′ of FY ′ . By
construction, we conclude that each prime component of FG is the pull-back of a prime component of FY ′ .
This proves the claim. 
6. Proof of the main theorems
6.1. Proof of the main projective theorem. In this subsection, we prove the main projective theorem
of this article. First, we start by stating a more general version of the main projective theorem. At the end
of this subsection, we show a version of the following theorem which considers possibly non-abelian actions.
Theorem 6.1. Let n be a positive integer and let Λ ⊂ Q be a set satisfying the descending chain condition
with rational accumulation points. Then, there exists a positive integer M := M(Λ, n) so that M only
depends on Λ and n, satisfying the following. Let X be a Fano type variety of dimension n and ∆ be a
boundary on X, such that the following conditions hold:
(1) A 6 Aut(X) is a finite abelian subgroup with gn(A) ≥M ,
(2) (X,∆) is log canonical and A-invariant,
(3) the coefficients of ∆ belong to Λ, and
(4) −(KX +∆) is Q-complemented.
Then, there exists:
(1) A boundary B > ∆ on X, and
(2) an A-equivariant birational map X 99K X ′,
satisfying the following conditions:
(1) The pair (X,B) is log canonical, A-equivariant, and (KX +B) ∼ 0,
(2) the push-forward of KX +B to X
′ is a log pair (X ′, B′),
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(3) the pair (X ′, B′) is a log Calabi-Yau toric pair, and
(4) there are group monomorphisms A < Gnm 6 Aut(X,B).
In particular, B′ is the reduced toric boundary of X ′. Furthermore, the birational map X 99K X ′ is an
isomorphism over Gnm.
Before proceeding to the proof, note that Theorem 2, Corollary 1, and Corollary 2 follow directly from the
above theorem. Indeed, we can set Λ = {0} and consider the given M , which in this case will only depend
on the dimension.
Proof. We prove the theorem in several steps. By induction, we may assume the statement holds in dimen-
sion at most n− 1.
Step 0: In this step, we prove the case of dimension one.
In this case X ≃ P1. If g1(A) = |A| > 4, then A acts as the multiplication by a roof of unity on P
1. Up to
an automorphism, we may assume it fixes zero and infinite. Let δ > 0 be so that every positive element of
Λ is larger than δ. If g1(A) = |A| >
4
δ , then no component of ∆ can be contained in Gm ⊂ P
1. Otherwise,
the divisor KX +∆ is ample. We conclude that ∆ is supported on zero and infinite. Hence, we can take B
to be the sum of zero and infinite with reduced scheme structure. Then, the statement of the theorem holds
for M = max{4, 4/δ}+ 1. This proves the statement in dimension one.
Step 1: In this step, we construct a bounded A-invariant complement for (X,∆) and run an A-equivariant
minimal model program.
Note that the log pair (X,∆) satisfies all the hypotheses of Theorem 3.62. Hence, there exists an A-
equivariant log canonical M0-complement B ≥ ∆ ≥ 0. The pair (X,B) is log canonical, A-invariant, and
M0(KX+B) ∼ 0. Here,M0 only depends on n and Λ. By Proposition 3.56, we can produce an A-equivariant
canonicalization X ′ → X of X . Note that the log pull-back (X ′, B′) of (X,B) to X ′ satisfies that (X ′, B′)
is log canonical, A-invariant, and M0(KX′ + B
′) ∼ 0. By Proposition 3.16, X ′ is a Fano type variety.
Now, we run an A-equivariant minimal model program for KX′ . We conclude that this A-equivariant min-
imal model program terminates with an A-equivariant Mori fiber space X ′′ → C. Note that X ′′ is a Fano
type variety with canonical singularities. We denote by B′′ the push-forward of B′ to X ′′. Observe that
we have (X ′′, B′′) is log canonical, A-invariant, andM0(KX′′ +B
′′) ∼ 0, whereM0 only depends on n and Λ.
Step 2: In this step, we prove the first statement of the theorem in the case that C is a point.
If C is a point, then the A-invariant Picard rank of X ′′ is one. Since KX′′ is an A-invariant divisor and is
not pseudo-effective, we conclude that KX′′ is anti-ample. Hence, X
′′ is canonical with anti-ample canonical
divisor. Thus, X ′′ is a canonical Fano variety. We conclude that (X ′′, B′′) belongs to a log bouded family
(see Theorem 3.15). Hence, by Theorem 4.1, we conclude that X ′′ is a projective toric variety and B′′ is
the toric boundary whenever gn(A) ≥M1(M0, n). Furthermore, provided that gn(A) ≥M1(M0, n), we have
that A < Gnm 6 Aut(X
′′, B′′). Note that M1 only depends on M0 and n, which at the same time only
depend on M and n. Hence, M1 only depends on M and n. We reduce to prove that the birational map
X ′′ 99K X is an isomorphism over the torus. This is the content of the next step.
Step 3: In this step, assuming that C is a point, we prove that the birational map X ′′ 99K X is an
isomorphism over Gnm.
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Observe that KX + B is the log pull-back of KX′′ + B
′′ to X . Hence, the divisor KX + B is linearly
equivalent to zero. In particular, every log discrepancy of KX + B is a positive integer. Note that, we can
factor X 99K X ′′ as X ← X ′ 99K X ′′, where X ′ → X is a canonicalization of X and X ′ 99K X ′′ is a minimal
model program for KX′ . We can factorize the minimal model program in a sequence of birational maps
(X ′, B′) = (X ′i, B
′
i) 99K (X
′
i−1, B
′
i−1) 99K (X
′
i−2, B
′
i−2) 99K · · · 99K (X
′
1, B
′
1) = (X
′′, B′′).
Each step (X ′j+1, B
′
j+1) 99K (X
′
j , B
′
j) is either a KX′j+1 -flip or a KX′j+1 -divisorial contraction. Note that
each step (X ′j+1, B
′
j+1) 99K (X
′
j , B
′
j) is either a (KX′j+1 +B
′
j+1)-flop or a (KX′j+1 +B
′
j+1)-crepant equivalent
divisorial contraction. By induction on j, we prove that (X ′j , B
′
j) 99K (X
′′, B′′) is an isomorphism over the
torus Gnm and no component of B
′
j intersects the torus. The statement is clear for j = 1. Assume that
(X ′j+1, B
′
j+1)→ (X
′
j , B
′
j) is a divisorial contraction. Since every log discrepancy with respect (X
′
j , B
′
j) whose
center intersect the torus Gnm must be at least two. We conclude that the center of any divisor contracted by
X ′j+1 → X
′
j must be disjoint from the torus. In particular, it is an isomorphism over G
n
m and any component
of B′j+1 remains disjoint from the torus. On the other hand, assume that (X
′
j+1, B
′
j+1) 99K (X
′
j , B
′
j) is a
flop. Note that such flop is a KX′
j+1
-flip, hence it is a −B′j+1-flip. In particular, any flipped curve must be
contained in the support of B′j . Hence, the flipped locus must be contained in the support of B
′
j . Thus,
X ′j+1 99K X
′
j is an isomorphism over the torus. Hence, any component of B
′
j+1 remains disjoint from the
torus. We conclude that X ′′ 99K X ′ is an isomorphism over the torus and all the components of B′ are
disjoint from the torus. Finally, observe that the birational contraction X ′ → X only extract divisors with
log discrepancy in the interval (0, 1) with respect to KX . Since KX + B ∼ 0 and (X
′, B′) 99K (X,B) is
log crepant equivalent, we conclude that X ′ → X only extract divisors with log discrepancy equal to zero
with respect to (X,B). Thus, (X ′, B′)→ (X,B) only contract divisorial log canonical places of (X,B), i.e.,
components of ⌊B′⌋. Since ⌊B′⌋ is disjoint from the torus on X ′, we conclude that X ′ → X is an isomorphism
over Gnm. Hence, we have that X
′′ 99K X is an isomorphism over Gnm as claimed. This concludes the proof
in the case that the minimal model program terminates with a trivial Mori fiber space.
From now on, we may assume that X ′′ → C is a non-trivial A-equivariant Mori fiber space, i.e., the base
C is a positive dimensional Fano type variety.
Step 4: In this step, we study the induced actions on the base and the general fibers of X ′′ → C and
apply the inductive hypothesis.
Consider the exact sequence 1 → AF → A → AC → 1, where AF is the normal subgroup of A acting
fiber-wise and AC is the induced action on the base. Let f be the dimension of a general fiber and c the
dimension of the base. Provided that gn(A) ≥ N , we have that gf (AF ) ≥ N/Mc and gc(AC) ≥ N/Mf . This
follows from Theorem 3.43 and Lemma 3.52. Here, Mc and Mf are constants that only depend on c and
f , respectively. Hence, they only depend on n. Thus, we have that gf(AF ) and gc(AC) are larger than N
provided that gn(A) is larger than NMfMc. In particular, we can apply the inductive hypothesis on the
general fiber.
Let (F,BF ) be the log pair induced by (X
′′, B′′) on a general fiber F of the A-equivariant Mori fiber
space X ′′ → C. Observe that F is a canonical Fano variety, M0(KF +BF ) ∼ 0, and (F,BF ) is log canonical
Moreover, we have that AF 6 Aut(F,BF ). AF satisfies gf(AF ) ≥ N , provided that gn(A) ≥ NMfMc.
By Theorem 4.1, we know that there exists a constant Nf := Nf (M0, f), which only depends on M0 and
f , so that (F,BF ) is a log Calabi-Yau toric pair provided gf(AF ) ≥ Nf . Note that Nf only depends on
n and Λ. Furthermore, in such case AF acts on F as the multiplication by roots of unity. We conclude
that if gn(A) ≥ NfMfMc, then (F,BF ) is log toric and AF < G
f
m. In particular, the pair (X
′′, B′′) has a
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log canonical center which admits a finite morphism to C. By [FG14, Remark 4.1], the moduli part of the
A-equivariant canonical bundle formula is Q-trivial.
Note that C is a Fano type variety since is the image of a Fano type variety X ′′ with respect to a
contraction. Let (C,BC) be the log pair obtained by the A-equivariant canonical bundle formula (see
Proposition 3.58). Then, we have that q(KC +BC) ∼ 0 for a constant q which only depends on n and M0.
Hence, it only depends on n and Λ. Furthermore, (C,BC) is log canonical and we have AC 6 Aut(C,BC).
By the inductive hypothesis, if gc(AC) ≥ Nc(q, c), then (C,BC) admits a log crepant equivalent torus action
which is compatible with AC . Here, Nc only depends on q and c. Thus, Nc only depends on n and Λ. If
gn(A) ≥ NcMfMc, then (C,BC) admits such log crepant equivalent torus action compatible with AC .
We conclude that if gn(A) ≥ NfNcMfMc, then the two following conditions hold:
(1) (F,BF ) is a log Calabi-Yau toric pair and AF < G
f
m, and
(2) (C,BC) admits a log crepant torus action compatible with AC .
From now on, we assume that gn(A) ≥ NfNcMfMc. In particular, we assume that the two above conditions
are satisfied. By construction, this value only depends on n and Λ.
Step 5: In this step, we construct a AQ-factorial dlt model of (X ′′, B′′) which admits a fibration to Pc.
Since (C,BC) admits a log crepant equivalent torus action, we know that there exists an AC -equivariant
birational map φ : Pc 99K C. Moreover, this birational map φ is an isomorphism over Gcm. We have an
A-equivariant diagram as follows:
X ′′
π

X ′′1oo

C Pcoo❴ ❴ ❴
where X ′′1 is an A-equivariant snc resolution of (X
′′, B′′) (see [AW97, Theorem 0.1]). Let B′′1 be the strict
transform of B′′ on X ′′1 plus the reduced exceptional divisor of X
′′
1 → X
′′. We denote by BPc the toric
boundary of the projective space. We may assume that over each prime component of BPc there is a log
canonical place of (X ′′, B′′) which is a divisor on X ′′1 . By construction, KX′′1 +B
′′
1 is Q-linearly equivalent to
an effective divisor supported on the union of all the divisors extracted on X ′′1 with positive log discrepancy
with respect to (X ′′, B′′). Indeed, we can write
KX′′
1
+B′′1 ∼Q π
∗(KX′′ +B
′′) +
∑
E prime over X′′
aE(X
′′, B′′)E.
We define
Γ :=
∑
E prime over X′′
aE(X
′′, B′′)E.
We write Γ = Γvert + Γhor for the decomposition of Γ into its vertical and horizontal components over P
c.
Note that
(6.1) Bs−(KX′′
1
+B′′1 /P
c) ⊂ Γvert + Γhor.
We claim that Γvert is degenerate over P
c. Indeed, if P ⊂ ⌊BPc⌋ is prime, then there is a component of ⌊B
′′
1 ⌋
mapping onto P which is not contained in the support of Γvert. On the other hand, let P 6⊂ ⌊BPc⌋. Let PC
be the strict transform of P on C. Then, there is a component of π∗PC which maps onto PC . The strict
transform of such component on X ′′1 is a prime divisor on X
′′
1 , not contained in the support of Γvert, which
maps onto P . Furthermore, due to equation 6.1, for any MMP of KX′′
1
+B′′1 over P
c the strict transform of
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Γvert will remain degenerate over the base. Indeed, no vertical component of X
′′
1 → P
c which is not contained
in supp(Γvert) can be contracted in this MMP.
Applying the negativity lemma to the general fiber, we have that
(6.2) Γhor ⊂ Bs−(KX′′
1
+B′′1 /P
c).
We run an A-equivariant minimal model program for KX′′
1
+ B′′1 over the base P
c with scaling of an ample
A-invariant divisor. By the inclusion 6.1, we know that every divisor contracted by this minimal model pro-
gram is contained in the support of Γ. By inclusion 6.2, we know that, after finitely many steps, all horizontal
components are contracted. So, after finitely many steps, we are running a minimal model program for the
strict transform of Γvert. Note that this is a degenerate divisor. Then, after finitely many steps, this minimal
model program is also an MMP with scaling for a degenerate divisor. By Proposition 5.3, we conclude that
this minimal model program terminates. Indeed, it will terminate after contracting all the components of Γ.
We call such model (X ′′2 , B
′′
2 ). Hence, we have that KX′′2 + B
′′
2 is Q-linearly trivial over the base P
c. Note
that X ′′2 99K X
′′ only extract log canonical places of (X ′′, B′′). In particular, X ′′2 is a Fano type variety as
well. By construction, (X ′′2 , B
′′
2 ) is an AQ-factorial dlt model of (X
′′, B′′) which admits a fibration to Pc.
Step 6: In this step, we will reduce to the case of an equivariant Mori fiber space over the projective space
Pc.
By construction, over each hyperplane Hi of BPc , there is an A-prime divisorial log canonical center of
(X ′′2 , B
′′
2 ) which dominatesHi. LetH1, . . . , Hc+1 be the prime components of BPc . Denote by BH1 , . . . , BHc+1
the correspondingA-prime divisorial log canonical center. For each i ∈ {1, . . . , c+1}, we run an A-equivariant
−BHi-MMP over P
c which terminates with a good minimal model over the base. Note that any such MMP
is an isomorphism over the complement of the corresponding Hi. Furthermore, after each MMP terminates,
the strict transform of BHi becomes the A-equivariant pull-back of Hi. Denote by X
′′
3 the model obtained
after all such minimal model programs terminate. Let B′′3 be the induced boundary. Note that X
′′
3 is still of
Fano type and X ′′2 99K X
′′
3 is an isomorphism over the pre-image of the torus G
c
m. The complement of the
pre-image of the torus on X ′′3 is contained on the vertical components of ⌊B
′′
3 ⌋. Every vertical A-invariant
component of ⌊B′′3 ⌋ is the pull-back of some Hi on P
c. We have a diagram as follows:
X ′′
π

X ′′1oo

//❴❴❴ X ′′2
}}④④
④④
④④
④④
//❴❴❴ X ′′3
π3
vv♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
C Pcoo❴ ❴ ❴
Note that over the pre-image of Gcm the birational map X
′′
3 99K X
′′ is a birational contraction. Furthermore,
π−1(Gcm) and π
−1
3 (G
c
m) are Mori dream spaces over G
c
m. Let Ω
′′ be an A-invariant ample divisor on X ′′.
Let Ω′′3 be its pull-back to X
′′
3 . We run an A-equivariant Ω
′′
3 -MMP on X
′′
3 over P
c which terminates with
a good minimal model. Then, we take its ample model over Pc and call it X ′′4 . Note that X
′′
4 and X
′′ are
isomorphic over the pre-image of Gcm. Indeed, over the pre-image of the torus, both varieties are ample
models of Ω′′ relative to Gcm. We denote by B
′′
4 the strict transform of B
′′
3 on X
′′
4 . We let X
∗ be a small
AQ-factorialization of X ′′4 . Denote by (X
∗, B∗) the log pull-back of (X ′′4 , B
′′
4 ) to X
∗. Note that X∗ is
a Fano type variety. Furthermore, since X ′′4 is AQ-factorial over the pre-image of G
c
m, we conclude that
X∗ 99K X ′′ is an isomorphism over the pre-image of the torus Gcm. We claim that the fibration X
∗ → Pc is
an A-equivariant Mori fiber space. Indeed, the pre-image of the torus Gcm on X
∗ has A-equivariant Picard
rank one. Since such open subvariety is isomorphic to the pre-image of the torus Gcm on X
′′. On the other
hand, every vertical A-prime divisor of ⌊B∗⌋ is the pull-back of a divisor on Pc. We conclude that X∗ → Pc
has relative A-equivariant Picard rank one. Then, X∗ → Pc is an A-equivariant Mori fiber space. We have
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an A-equivariant commutative diagram as follows:
X X ′oo //❴❴❴ X ′′
π

X∗oo❴ ❴ ❴

C Pcoo❴ ❴ ❴
so that the following conditions are satisfied:
(1) (X ′′, B′′) and (X∗, B∗) are log crepant equivalent pairs,
(2) X ′′ and X∗ are Fano type varieties,
(3) X ′′ → C and X∗ → Pc are A-equivariant Mori fiber spaces,
(4) Pc 99K C is an isomorphism over the torus,
(5) X∗ 99K X ′′ is an isomorphism over the pre-image of the torus, and
(6) the pull-back of each prime divisor of ⌊BPc⌋ to X
∗ is supported in a unique A-prime divisorial log
canonical center of (X∗, B∗),
Step 7: In this step, we introduce a projective variety Y which is obtained from X∗ quotienting by A.
Let Y → TY be the Mori fiber space obtained by quotienting the A-equivariant Mori fiber space X
∗ → Pc
by A. We have a commutative diagram as follows:
X∗
/A
//

Y

Pc
/AC
// TY .
By Proposition 3.31, TY is a projective toric variety of Picard rank one and P
c → TY is a finite toric mor-
phism. We denote by BTY the toric boundary of TY . By [Amb05, Theorem 3.3], we know that Y → TY is
isotrivial over an open set of the base. We denote by (FY , BFY ) the log general fiber. Note that (FY , BFY ) is
obtained by a toric quotient from (F,BF ). In particular, by Proposition 3.31, we conclude that (FY , BFY ) is
log toric. Furthermore, the number of components of BFY is Of (1). By Proposition 3.59, prime components
of ⌊BY ⌋ can only ramify over the pre-image of ⌊BTY ⌋. By Lemma 5.5, we conclude that any vertical prime
divisor on Y is the pull-back of a prime divisor on TY . By Lemma 3.17, we know that Y is a Fano type
variety. In particular, it is a Mori dream space.
Step 8: In this step, we introduce a projective variety Z obtained from Y by taking Galois covers.
Let S be a prime component of ⌊BY ⌋ which is horizontal over TY . Denote by S
ν the normalization
of S. Consider the Stein factorization of Sν → TY . We write S
ν → SY → TY for such factorization. By
Proposition 3.59, SY → TY is a finite morphism which is unramified over the torus of TY . By Proposition 3.32,
we conclude that SY is toric and SY → TY is a toric Galois cover. We replace Y by the normalization of
the main component of Y ×TY SY . We proceed inductively, until all such Stein factorizations have trivial
finite part. We call the resulting model Z. By Lemma 3.18, we know that Z is a Fano type variety. Recall
that FY is a toric variety and the number of prime components of BFY is Of (1). Hence, the degree of the
Galois morphism Z → Y is Of (1) as well. We let (Z,BZ) be the log pull-back of (Y,BY ) to Z. We obtain
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a diagram as follows:
X X ′oo //❴❴❴ X ′′

X∗oo❴ ❴ ❴

/A
!!❈
❈❈
❈❈
❈❈
❈ Z

/H
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
C Pcoo❴ ❴ ❴
/AC
!!❈
❈❈
❈❈
❈❈
❈ Y

TZ
/H
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
TY
where H is a finite group whose order is Of (1).
Step 9: In this step, we replace (Z,BZ) by a pair (Z
′, BZ′) over TZ whose general fiber is P
f .
We may replace Z with a small Q-factorialization. This does not change the Picard rank of the general
fiber. The log general fiber (FZ , BFZ ) is isomorphic to the log fiber (FY , BFY ). Let c(F ) be the number of
components of ⌊BFZ ⌋. By construction, c(F ) is Of (1). Furthermore, ⌊BZ⌋ has c(F ) horizontal components
that restrict bijectively to those of ⌊BFZ⌋. Moreover, the pre-image of BTZ is contained in the set of log
canonical centers of (Z,BZ). By Proposition 5.7, every vertical prime divisor of Z → TZ which intersect
Gcm is the pull-back of a prime divisor of the base. In particular, no vertical divisor maps to a codimension
≥ 2 subvariety of the torus. Furthermore, the fibers over codimension one points of Gcm are irreducible. By
Lemma 3.22, we have two projective toric morphisms inducing log crepant equivalent structures:
(FZ , BFZ )← (FZ0 , BFZ0 )→ (P
f , BPf ).
The variety Z is toroidal at general points of intersection of horizontal components of ⌊BZ⌋ (see, e.g.,
Theorem 3.28). We can perform a sequence of horizontal toroidal blow-ups on Z. After such sequence of
extractions, we may assume the log general fiber is isomorphic to (FZ0 , BFZ0 ). We call this model Z0. Denote
by (Z0, BZ0) the log pull-back of (Z,BZ) to Z0. Every vertical prime divisor of Z0 → TZ which intersects
Gcm is the pull-back of a divisor on TZ . Indeed, this hold since such vertical divisors on Z0 are pull-back
of vertical divisors on Z. Let Hf be a torus invariant hyperplane in P
f . Let HFZ0 be the pull-back of Hf
to FZ0 . Observe that HFZ0 is a semiample divisor on FZ0 whose ample model is P
f . We consider a divisor
HZ0 whose restriction to the general fiber equals HFZ0 . Note that Z0 is a Mori fiber space, so every minimal
model program on Z0 terminates. We run a minimal model program for HZ0 over the base. By Lemma 5.6,
we know that this minimal model program does not contract vertical divisor over Gcm. On the other hand, if
this minimal model program contract a horizontal divisor, then such divisor will intersect the general fiber.
This contradicts the fact that HZ0 is semiample on a general fiber. We conclude that the only divisors
that this minimal model program can contract are vertical components of ⌊BZ0⌋. Thus, this minimal model
program can only contract log canonical places of (Z0, BZ0). It must terminate with a good minimal model
and it is an isomorphism over an open set of the base. We denote by Z1 the ample model over TZ . Observe
that Z1 is a Fano type variety. We denote by Z
′ a small Q-factorialization. We denote by BZ′ the induced
boundary on Z ′. Then, the log general fiber of (Z ′, BZ′) is isomorphic to (P
f , BPf ), where BPf is the toric
boundary of Pf . Every vertical prime divisor of Z ′ which maps to Gcm ⊂ TZ is the pull-back of a prime
divisor of the base, after possibly restricting to Gcm. Indeed, every such vertical divisor is the push-forward
of a vertical divisor on Z0 which is the pull-back of a divisor on TZ . Note that the log crepant equivalent
birational map (Z,BZ) 99K (Z
′, BZ′) only extract log canonical places of (Z
′, BZ′). By Proposition 3.23, we
conclude that (Z,BZ) is a toric pair provided that (Z
′, BZ′) is a toric pair. This is the content of the next step.
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Step 10: We prove that (Z ′, BZ′) is a toric pair.
Observe that TZ has Picard rank one. We run a minimal model program for KZ′ over TZ . This minimal
model program terminates with a Mori fiber space over TZ . By Lemma 5.6, the only vertical divisors
contracted by this Mori fiber space are those contained on the vertical components of ⌊BZ′⌋. We argue that
no horizontal divisor is contracted on this minimal model program. Indeed, if there is a horizontal divisorial
contraction, this would induce a divisorial contraction on the general fiber FZ′ . This is impossible since such
projective variety has Picard rank one. Analogously, the Mori fiber space on which this MMP terminates
will induce a contraction on the general fiber. Hence, such contraction must map the general fiber to a
point. Thus, the MFS on which this MMP terminates maps to TZ . We call such Mori fiber space Z
′′ → TZ .
By construction, the birational map Z ′ 99K Z ′′ only contract divisorial log canonical places of (Z ′, BZ′).
By Proposition 3.23, we conclude that (Z ′, BZ′) is a toric pair provided that (Z
′′, BZ′′) is a toric pair. We
proceed to prove this latter statement.
We claim that the log pair (Z ′′, BZ′′) is a log Calabi-Yau toric pair. Recall that TZ has Picard rank one.
We denote by H1, . . . , Hc+1 its torus invariant divisors. We claim that the number of components of ⌊BZ′′⌋
equals c + f + 2. ⌊BZ′′⌋ has f + 1 horizontal components. On the other hand, ⌊BZ′′⌋ has a unique prime
component over each divisor Hi. Thus, ⌊BZ′′⌋ has c+ 1 vertical components. This proves the claim. Note
that dim(Z ′′) = c + f . On the other hand, ρ(Z ′′) = 2, given that ρ(TZ) = 1 and ρ(Z
′′/TZ) = 1 as it is a
Mori fiber space. Now, we can compute the complexity of the log Calabi-Yau pair (Z ′′, BZ′′) as follows:
c(Z ′′, BZ′′ ) = dim(Z
′′) + ρ(Z ′′)− (c+ f + 2) = 0.
By Theorem 3.30, we conclude that (Z ′′, ⌊BZ′′⌋) is log Calabi-Yau toric pair. However, BZ′′ is a reduced
divisor. Hence, (Z ′′, BZ′′) is a log Calabi-Yau toric pair. By Proposition 3.23, we conclude that (Z,BZ) is
a log Calabi-Yau toric pair as well.
Step 11: We introduce a projective variety W dominating X and prove that it is toric.
We define W to be the normalization of a connected component of the fiber product X ×Y Z. Note that
W is endowed with an action of a finite group AW . The finite group AW surjects onto both A and H . We
denote by H0 the kernel of the surjection AW → A and by A0 the kernel of the surjection AW → H . There
are natural monomorphisms A0 < A and H0 < H . Since |H | is Of (1), we conclude that the index of A0 in
A is Of (1). By Lemma 3.51, up to replacing N with an Of (1) multiple, we may assume that A0 contains
ZnN as a subgroup. Furthermore, W has an AW -equivariant fibration to a toric variety TW . We have a
commutative diagram as follows:
W
/H0
}}③③
③③
③③
③③ /A0
!!❈
❈❈
❈❈
❈❈
❈❈

X∗
 !!❈
❈❈
❈❈
❈❈
❈❈
TW
}}④④
④④
④④
④④
!!❈
❈❈
❈❈
❈❈
❈
Z
}}④④
④④
④④
④④
④
Pc
/AC
!!❈
❈❈
❈❈
❈❈
❈ Y

TZ
/H
}}④④
④④
④④
④④
TY
As usual, we denote by BW the boundary obtained by the log pull-back of KZ + BZ to W . We claim that
(W,BW ) is a projective log Calabi-Yau toric pair. By construction, the finite morphism Z → Y is unramified
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over Y \ supp⌊BY ⌋. Then, we have that Y is smooth outside the support of ⌊BY ⌋. Indeed it is the quotient
of a smooth variety by a finite group with trivial stabilizers. Now, we argue that X∗ → Y is unramified over
Y \ supp⌊BY ⌋. By purity of the branch locus, it suffices to prove that there is no ramification divisor. If
there is a horizontal ramification divisor over TY , then there is a prime divisor of BFY which is not reduced,
leading to a contradiction. On the other hand, assume there is a vertical prime ramification divisor over TY
which maps to the torus. By Lemma 5.5, such divisor is the pull-back of a divisor from the base. Hence,
the boundary part of the canonical bundle formula will intersect the torus of the base. This leads to a
contradiction. We conclude that X∗ → Y is unramified on the complement of the log canonical centers of
(Y,BY ). Thus, the finite morphism W → Z is unramified over the torus of Z. By Proposition 3.32, we
conclude that (W,BW ) is a log Calabi-Yau toric pair. In particular, we have that the finite quotient W → Z
is the quotient by a finite subgroup of the torus Gnm. Hence, we conclude that A0 < G
n
m 6 Aut(W,BW ).
descends to a finite toric action of A0 on X
∗. Furthermore, we have that A0 < A has bounded index only
depending on the dimension. By Proposition 3.26, we conclude that for gn(A) ≥ N large enough, we have
that A < Gnm 6 Aut(X
∗, B∗). Hence, A acts as a toric finite group on X∗. Thus, it suffices to prove the last
assertion of the theorem, which is the final step.
Step 12: We check that X∗ 99K X is an isomorphism over the torus. By construction, the contraction
morphism X∗ → Pc is a toric morphism. In particular, the pre-image of the torus of Pc contains the torus of
X∗. Furthermore, we know that X∗ 99K X ′′ is an isomorphism over the pre-image of the torus of Pc. Hence,
we conclude that X∗ 99K X ′′ is an isomorphism over Gnm ⊂ X
∗. The fact that X∗ 99K X is an isomorphism
over the torus is analogous to the proof of the third step. This concludes the proof. 
Theorem 6.2. Let n be a positive integer and let Λ ⊂ Q be a set satisfying the descending chain condition
with rational accumulation points. Then, there exist positive integers M :=M(Λ, n) and N := N(n), so that
M (resp. N) only depends on Λ and n (resp. n), satisfying the following. Let X be a Fano type variety of
dimension n and ∆ be a boundary on X, such that the following conditions hold:
(1) G < Aut(X) is a finite subgroup with gn(G) ≥M ,
(2) (X,∆) is log canonical and G-invariant,
(3) the coefficients of ∆ belong to Λ, and
(4) −(KX +∆) is Q-complemented.
Then, there exists:
(1) A normal abelian subgroup A 6 G of index at most N ,
(2) a boundary B > ∆ on X, and
(3) an A-equivariant birational map X 99K X ′,
satisfying the following conditions:
(1) The pair (X,B) is log canonical, G-equivariant, and (KX +B) ∼ 0,
(2) the push-forward of KX +B to X
′ is a log pair (X ′, B′),
(3) the pair (X ′, B′) is a log Calabi-Yau toric pair, and
(4) there are group monomorphisms A < Gnm 6 Aut(X,B).
In particular, B′ is the reduced toric boundary of X ′. Furthermore, the birational map X 99K X ′ is an
isomorphism over Gnm.
Proof. We construct an abelian normal subgroup of G of bounded index. By Theorem 3.43, we can find a
normal abelian subgroup A 6 G of index at most N := N(n) and rank at most n, where N only depends on
n. By Proposition 3.50, we know that gn(A) ≥ gn(G)/N . So, whenever N is fixed and gn(G) is large, then
gn(A) is large as well. Now, we proceed to construct a bounded G-equivariant complement for (X,∆). Note
that the log pair (X,∆) satisfies all the hypotheses of Theorem 3.62. Hence, there exists a G-equivariant log
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canonicalM0-complementB ≥ ∆ ≥ 0. The pair (X,B) is log canonical, G-equivariant, andM0(KX+B) ∼ 0,
whereM0 only depend on the natural number n and the set Λ. Observe that (X,B) is also an A-equivariant
complement. Then we conclude by Theorem 6.1.. 
6.2. Proof of the main local theorem. In this subsection, we prove the main local theorem of this article.
We start by stating a more general version of Theorem 1.
Theorem 6.3. Let n be a positive integer and let Λ be a set of rational numbers satisfying the descending
chain condition with rational accumulation points. There exists a positive integer N := N(n,Λ), only
depending on n and Λ, satisfying the following. Let x ∈ (X,∆) be a n-dimensional klt singularity so that the
coefficients of ∆ belong to Λ. Assume that gn(π
reg
1 (X,∆;x)) ≥ N . Then, x ∈ (X,∆) degenerate to a lce-tq
singularity.
Proof. Let (X,B) be a M -complement of (X,∆) around x ∈ X . By Proposition 3.40, we can take the
universal cover π : Y → X of the regional fundamental group of (X,∆) at x. Let X ′ → X be a plt blow-up
of (X,∆) at x ∈ X . We may assume that the exceptional divisor of the plt blow-up is a log canonical center
of (X,B). Denote by E the exceptional divisor of the plt blow-up. Note that X is the quotient of Y by
G ≃ πreg1 (X,∆;x) and Y contains a unique fixed point y ∈ Y over x ∈ X . Let Y
′ be the normalization of
the main component of Y ×X X
′. Note that Y ′ → Y is a G-invariant plt blow-up with exceptional divisor
EY (see the proof of Lemma 3.10). We know that EY is G-invariant because it maps to the G-fixed point
y ∈ Y . Let C be the cyclic normal subgroup of G acting on EY as the identity. Let H be the quotient of G
by C. By Lemma 3.53, we have that gn−1(H) ≥ gn(G). Let (Y,BY ) be the log pull-back of (X,B) to Y , let
(Y ′, BY ′) be its log pull-back to Y
′. Let (EY , BEY ) be the pair obtained by adjunction KY ′ +BY ′ |EY . Note
that the coefficient of BEY belong to a finite set which only depends onM . We can apply Theorem 2, to the
H-invariant pair (EY , BEY ). There exists a constant N(n− 1), only depending on n− 1, so that (EY , BEY )
is crepant equivalent toric provided that gn−1(H) ≥ N(n− 1). Hence, it suffices to take gn(G) ≥ N(n− 1)
to assume that EY is log crepant equivalent toric. We conclude that E is the quotient of a log crepant
equivalent toric variety by a finite group. Hence, E is a log crepant equivalent toric quotient projective
variety. Using cone degenerations associated to plt blow-ups (see, e.g., [HLM19, 2.5]), we conclude that the
singularity x ∈ (X,∆) degenerates to a log crepant equivalent toric quotient singularity. 
7. Applications
In this section, we prove some applications of the main projective and local statements. Before proceeding
to the applications, we give an example of a lce-tq singularity which is not the quotient of a toric singularity.
This example is due to Constantin Shramov.
Example 7.1. Consider the weighted hypersurface Xn = {x
2n + y2n + zw = 0} ⊂ P(1, 1, n, n). Note that
we have An := Z
2
2n < Aut(Xn). The first generator is given by x 7→ ηx, where η is a 2n-root of unity. The
second generator is given by (z, w) 7→ (ηz, η−1w). Xn is a Fano type surface. However, Xn is not toric.
Hence, by Theorem 2, we know that Xn is log crepant equivalent toric. We give an explicit description of
the complement in this case. The curves Cx := {x = 0} and Cy := {y = 0} are irreducible. The curves
Cw := {w = 0} and Cz := {z = 0} have 2n irreducible components each. The pair (Xn, Cx + Cy) is log
canonical and KXn + Cx + Cy ∼ 0. Hence, the points [0 : 0 : 1 : 0] and [0 : 0 : 0 : 1] are toroidal points
of Xn. We can blow-up both of them and obtain a surface X
′
n where the 2n irreducible components of Cw
and Cz are separated. The log pull-back of KXn +Cx +Cy to X
′
n equals KX′n +C
′
x +C
′
y +E1 +E2. Then,
we can run a An-equivariant minimal model program for KX′n . This MMP contracts the strict transform
of Cw and Cz . It terminates with an An-equivariant Mori fiber space structure P
1 × P1 → P1. Here, An
acts as the multiplication by roots of unity on the torus of P1 × P1. Furthermore, the strict transform of
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C′x + C
′
y + E1 + E2 is the toric boundary of P
1 × P1. The involutions (x, y) 7→ (y, x) and (z, w) 7→ (w, z)
are induced by the corresponding involutions swapping the two components of each copy of P1 on P1 × P1.
Then, the cone over Xn with respect to −KXn is a 3-fold lce-tq singularity yn ∈ Yn. It is not a toric quotient
singularity. Indeed, Xn is not the quotient of a toric singularity.
Now, we turn to prove Theorem 5. The following is a version of such theorem that considers more general
coefficient sets.
Theorem 7.2. Let n be a positive integer and let Λ be a set of rational numbers satisfying the descending
chain condition with rational accumulation points. There exists a positive integer N := N(n,Λ), only
depending on n and Λ, satisfying the following. Let x ∈ (X,∆) be a n-dimensional klt singularity so that
the coefficients of ∆ belong to Λ. Assume that gn(π
reg
1 (X,∆;x)) ≥ N . Then, there exists a cover π : Z → X
of (X,∆) of degree at most N(n), so that the log pull-back (Z,∆Z) of (X,∆) to Z admits a 1-complement.
Furthermore, the klt pair (Z,∆Z) degenerates to a lce-tq singularity which contains an open affine isomorphic
to an algebraic torus Gnm.
Proof. We use the notation of the proof of Theorem 6.3. Note that (EY , BEY ) is crepant equivalent to a
log Calabi-Yau toric pair (T,BT ). The group H admits an abelian normal subgroup AH 6 H for which
the birational map T 99K EY is AH -equivariant and AH < G
n−1
m 6 Aut(T,BT ). Furthermore, the index
of AH in H is bounded by a constant which only depends on the dimension n − 1. Hence, the quotient of
(EY , BEY ) by AH is crepant equivalent to a log Calabi-Yau toric pair. Indeed, it is crepant equivalent to
the quotient of (T,BT ) by AH . Let (EZ , BEZ ) be the quotient of (EY , BEY ) by AH . By construction, we
have that KEZ + BEZ ∼ 0 and BEZ is a reduced boundary. We denote by A the pre-image of AH in G.
Note that A is a normal subgroup of G. We denote NH := H/AH and N := G/A. We have a commutative
diagram as follows:
(EY , BEY )
/AH
//
 _

(EZ , BEZ ) _

/NH
// (E,BE) _

Y ′

/A
// Z ′

/N
// X ′

Y
/A
// Z
/N
// X
where all the horizontal morphisms are quotients, the lower vertical morphisms are equivariant plt blow-ups,
and the upper vertical maps are equivariant embeddings of the exceptional divisor of the plt blow-up. Note
that BEZ is a 1-complement for KEZ . Indeed, the pair (EZ , BEZ ) is log crepant equivalent to a toric pair.
We denote by z ∈ Z the image of y on Z. We can lift the complement BEZ of KEZ to a complement BZ′
of KZ′ , over a neighborhood of z ∈ Z. This is also a 1-complement. In particular, we have that (Z
′, BZ′) is
log canonical and KZ′ + BZ′ ∼ 0 over a neighborhood of z ∈ Z. We let KZ + BZ to be the push-forward
of KZ′ + BZ′ to Z. Hence, KZ + BZ is a 1-complement of KZ . Denote πZ : Z → X . Hence, we have that
KZ + BZ ≥ π
∗
Z(KX + ∆) = KZ + ∆Z . We conclude that (Z,BZ) is a 1-complement of the log pull-back
(Z,∆Z) of (X,∆) to Z. By construction, the finite morphism Z → X has degree at most N .
Now, we proceed to study the cone degeneration of Z with respect to the plt blow-up Z ′ → Z. Note that
the torus of EZ is disjoint from the support of BEZ . Let KZ +∆Z be the log pull-back of KX +∆ to Z. Let
K ′Z+∆
′
Z be the log pull-back of KZ+∆Z to Z
′ after increasing the coefficient at EZ to one. Let KEZ +∆EZ
be the pair obtained by adjunction of K ′Z +∆
′
Z to EZ . By construction, we have that ∆Z′ ≤ BEZ . Then,
the fractional coefficients of ∆Z′ are disjoint from the torus. We conclude that z ∈ (Z,∆Z) degenerate to an
orbifold cone singularity over EZ so that the corresponding ample Q-divisor is Weil on the torus of EZ . In
KAWAMATA LOG TERMINAL SINGULARITIES OF FULL RANK 33
particular, this ample Q-divisor is Cartier on the torus of EZ . Hence, such cone contains an algebraic torus
as an open subvariety. 
Proof of Theorem 3. Let (X,B) be a M -complement of X . Let Y sm → Xsm be the universal cover of
G := π1(X
sm). Let Y be the normalization of X on the function field of Y sm. Then, we have a G-
equivariant morphism Y → X so that Y is also of Fano type. Indeed, by construction the finite morphism
Y → X is unramified in codimension one. Let (Y,BY ) be the pull-back of (X,B) to Y . By Theorem 2,
we know that (Y,BY ) is crepant equivalent toric whenever k ≥ N(n), for some constant N(n), which only
depends on n. Hence, we conclude that X is a log crepant equivalent toric quotient. 
7.1. Dual complexes. In this subsection, we recall the dual complex of a log canonical pair and prove a
result regarding dual complexes of log crepant equivalent toric quotients.
Definition 7.3. Let E be a simple normal crossing variety with irreducible components E1, . . . , Ek. An
stratum of E is an irreducible component of an intersection of some of the Ei’s. The dual complex of E,
denoted by D(E), is a CW-complex whose vertices are labeled by the irreducible components of E, and we
attach at (|J | − 1)-cell for every stratum of ∩i∈JEi.
Definition 7.4. Let (X,B) be a projective log Calabi-Yau pair. We define the dual complex of (X,B),
denoted by D(X,B), to be the dual complex of ⌊BY ⌋ where (Y,BY ) is a Q-factorial dlt modification of
(X,B).
Recall from [dFKX17], that the dual complex of projective, log canonical, crepant equivalent birational
pairs are PL-homeomorphic to each other. Hence, the dual complex of a log Calabi-Yau pair is well-defined.
We introduce a version of Theorem 4 which allows more general coefficient sets. It is clear that Theorem 7.5
below implies Theorem 4.
Theorem 7.5. Let n be a positive integer and let Λ be a set of rational numbers satisfying the descending
chain condition with rational accumulation points. Then, there exists a positive integer N := N(n,Λ), only
depending on n and Λ, satisfying the following. Let X be a Fano type variety and ∆ be an effective divisor
on X so that:
(1) the coefficients of ∆ belong to Λ, and
(2) −(KX +∆) is Q-complemented.
Assume that gn(π
alg
1 (X,∆)) ≥ N . Then, there exists a boundary B on X so that D(X,B) ≃PL S
n−1/G
where G is a finite group with |G| ≤ N .
Proof of Theorem 7.5. Note that the pair (X,∆) satisfies all the conditions of Theorem 3.62. Let (X,B)
be a M -complement of X . Here, M only depends on n and Λ. Let Y sm → Xsm be the universal cover
of πalg1 (X,∆) =: G. By assumption, we have that gn(G) ≥ N . Let Y be the normalization of X on the
function field of Y sm. Then, we have a G-equivariant morphism Y → X so that Y is also of Fano type. Let
(Y,BY ) be the pull-back of (X,B) to Y . By Theorem 2, we know that (Y,BY ) is crepant equivalent toric
whenever N ≥ N0(n), for some constant N0(n), which only depends on n. By [dFKX17], we know that
D(Y,BY ) ≃ S
n−1. Furthermore, we know that G admits an abelian subgroup A 6 G so that A acts as the
multiplication by roots of unity on the toric model. Let (Z,BZ) be the quotient of (Y,BY ) by A. Then,
applying [dFKX17] again, we have that D(Z,BZ) ≃ S
n−1. Note that (X,B) is the quotient by (Z,BZ) by
a group N := G/A with order bounded by N0(n). Thus, we conclude that the dual complex D(X,B) is the
quotient of Sn−1 by a group whose order is bounded by a function of the dimension n. 
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